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Abstract 

The BKMP conjecture (2006-2008), proposed a new method to compute closed and 
open Gromov-Witten invariants for every toric Calabi-Yau 3-folds, through a 
topological recursion based on mirror symmetry. So far, this conjecture had been 

verified to low genus for several toric CY3folds, and proved to all genus only for C 3 . 
In this article we prove the general case. Our proof is based on the fact that both 
sides of the conjecture can be naturally written in terms of combinatorial sums of 
weighted graphs: on the A-model side this is the localization formula, and on the 

B-model side the graphs encode the recursive algorithm of the topological recursion. 
One can slightly reorganize the set of graphs obtained in the B-side, so that it 
coincides with the one obtained by localization in the A-model. Then it suffices to 

compare the weights of vertices and edges of graphs on each side, which is done in 2 
steps: the weights coincide in the large radius limit, due to the fact that the toric 

graph is the tropical limit of the mirror curve. Then the derivatives with respect to 

Kahler radius coincide due to special geometry property implied by the topological 

recursion. 
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1 Introduction 



Topological string theories have raised a lot of interest, because they represent a limit 
of string theory which is mathematically well defined and where computations can be 
entirely performed. Among the two possible types of topological string theories, the 
topological A-model string theory is mathematically formulated as Gromov-Witten 
theory. 

For applications in physics, one is often concerned by topological string theories 
in target spaces which are Calabi-Yau 3-folds. Not so many examples of Calabi-Yau 
spaces are known explicitly, but there is a family which is particularly well understood, 
this is the family of "toric" Calabi-Yau 3-folds. These are particularly well studied 
thanks to their toric symmetry, which allows to go even deeper in the computations. 
In addition, these theory lie at the crossroad of many interesting objects studied both 
in mathematics and physics, some of which we remind now. 

There are mainly two types of topological string theories: A-model and B-model, 
and it was conjectured (and proved in some cases) that the A-model and B-model 
are dual to each other, through mirror symmetry which exchanges the complex 
and Khahler structures of the target spaces. For both A and B theories, the "string 
amplitudes" enumerate, in some appropriate way, some maps from a Riemann surface 
of given topology, into the target space (the Calabi-Yau 3-fold X or its mirror X). The 
string amplitudes for the A-model are called " Gromov-Witten" invariants and are well 
defined and extensively studied mathematical objects. 

So, string amplitudes depend on a target space and on the topology (genus and 
possibly number of boundaries) of a Riemann surface. Closed amplitudes F g (X) enu- 
merate surfaces without boundaries, they depend only on a genus g. They are encoded 
into generating functions by making formal series: 

F(X,g s ) = £ 9 2 r 2 F g (X) 

(/=gcnus 

where X is our target space (the toric CY 3-folds) and where the formal parameter g s is 
traditionally called the "string coupling constant". The goal is eventually to compute 
F g = F g (X), i.e. the amplitudes corresponding to the enumeration of Riemann surfaces 
of given genus. For example F (X) computes the planar amplitudes, i.e. rational maps 
from P 1 into X. 

Topological vertex. In principle, topological string amplitudes for toric CY 3- 
folds are entirely known, through the "topological vertex" method [21 0OJ HHJ HHJ Wf\ . 
In that method, one introduces 

q = e~ 9a 
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and string amplitudes are given in terms of a series in powers of q: 

z = e F( 9s ) = e a =Y,q k c k 

k 

where the coefficients Ck are of combinatoric nature (typically they enumerate 2d or 
3d partitions, this is often called a "crystal model"), they are known rather explicitly, 
or at least they are given by explicit combinatoric sums over partitions. 

The problem is to extract from this g-series the asymptotic behavior and expansion 
near q — 1 in powers of g s = — In q. Indeed, the coefficients of this expansion are the 
ones of physical interest for precision computations in high energy physics whereas the 
g-series is defined as an expansion near q = 0. Even computing the leading order i.e. F , 
requires an infinite combinatoric sum. This makes its computation not straightforward, 
and going beyond leading order directly from the combinatorics sum is a very difficult 
challenge. 

Methods for computing Gromov— Witten invariants of fixed genus. Many 
methods have been introduced to compute directly the g s expansion, most of them are 
based on solving a differential equation: 

- one is the famous "holomorphic anomaly equations" [SI [I]- It is based on the 
observation that topological string amplitudes should be "modular" invariant. This 
implies a relationship between their holomorphic and anti-holomorphic parts with re- 
spect to the parameters of the target space, which can be translated into a set of EDP 
satisfied by the string amplitudes. A drawback of the method is that one can compute 
the amplitudes only up to an unknown holomorphic function, which can be fixed by 
knowing the answer in some limiting cases. When applicable, the holomorphic anomaly 
equation method is extremely efficient for actual computations of Gromov- Witten in- 
variants. 

- Another is Givental's method [29| 28J. This method translates some geometric 
relations (like gluing surfaces) into a set of EDP. Those EDP can be formally solved, 
and the solution can be written as a linear operator acting on a product of Kontsevich 
integrals (depending on an infinite number of times), i.e. one has to compute derivatives 
of Kontsevich integrals and at the end set the times to some special values. This method 
shows that the generating function of Gromov- Witten invariants is a Tau-function for 
some integrable hierarchy. 

In both methods one has to find the Gromov- Witten invariants of a whole family 
of Calabi-Yau 3-folds, one can't find the invariants of one manifold directly. 

The remodeling method 



3 



- In 2006 [44j M. Marino suggested a new method, and then with Bouchard, Klemm 
and Pasquetti further formalized the statement under the name "remodeling the B— 
model" in 2008 [10J. That method is based on the "topological recursion" of [T4"l [T§] 
and on mirror symmetry (this will be described in more details in section [4] below). This 
method proposes to compute the amplitudes by recursion on the Euler characteristics, 
without having to solve a differential equation, and in particular allows to compute the 
amplitudes of one given manifold without having to study a family of manifolds. Also, 
they give a recipe to compute "open Gromov-Witten invariants", as well as invariants 
for orbifold geometries, which were not known before. This claim of [10] is often called 
the "BKMP conjecture", and can be seen as an explicit example of mirror symmetry 



to all genus. We write it explicitly as conjecture 4.1 in section 4.3 



The authors of [TU] and many others afterwards checked this conjecture for many 
examples of target space manifolds, and for low genus Gromov-Witten invariants, but 
the statement was so far proved to all genus only for the simplest toric Calabi-Yau 
3-fold, namely X = C 3 [121 EE] • 

It was also noticed that the topological recursion implies the holomorphic anomaly 
equations [20] as well as some properties very similar to Givental's formalism [S3], but 
the converse has not been proved. 

In [58], the proof for X = C 3 was mostly combinatorical, and used the "cut and 
join" equations of Goulden-Jackson [30] . Unfortunately the tools involved in the com- 
binatorics were very specific to the C 3 geometry, and not easy to generalize, and has 
prevented the authors of [T2l[58] to extend their proof to other toric Calabi-Yau spaces. 

A matrix model's heuristic argument was also presented, using the Chern-Simons 
matrix model [H], and using a new matrix model reproducing all toric Calabi-Yau 
3-folds [22], but the saddle point analysis of the matrix model [23j was not proved with 
mathematical rigor. 

The goal of the present article is to present a general rigorous proof for every 
toric Calabi-Yau 3-fold, mostly combinatorial although not based on cut and join, but 
more based on special properties of the topological recursion as well as localization. 

As a guideline for reading and understanding the proof of the BKMP conjecture, 
here is a short summary with references to the different steps carried out in the present 
article. 

Sketch of the proof: 

- on the A-model side, it is known [IQJ [13] how to write the Gromov-Witten in- 
variants through a localization formula, as a combinatorial sum over graphs, with 
weights associated to edges and vertices. Vertices are labeled by a "genus" and valency 
(g,n). Weights of vertices are Gromov-Witten invariants of C 3 (i.e. the topological 
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vertex) and are given by the Marino- Vafa formula, i.e. they are triple Hodge integrals 
in M.g t n- We remind this procedure in theorem 



3.1 



and section 3.3 



- on the B-model side, the topological recursion can be naturally written as a 
combinatorial sum over graphs, with weights associated to edges and vertices (but not 
the same graphs and weights as the A-model side). Vertices are also labeled by a genus 
and valency (g,n). Weights of vertices are combinations of residues of meromorphic 
forms computed at the branchpoints of the mirror curve. We explain it in section [474] by 



recalling some previous results in theorems 4.1 and 4.2 We then specialize this result 



to the spectral curve obtained by mirror symmetry from a toric Calabi-Yau 3-fold in 
theorem 14.51 

- contrarily to the A-model side, the graphs of the B-model side have no (0, 1) or 
(0,2) vertices (genus zero, valency 1 or 2). There is a standard graph combinatorial 
toolkit which allows to relate sums of graphs with or without vertices of valency 1 or 
2. In other words we can add (0, 1) and (0, 2) vertices to the B-model sum of graphs, 
at the price of changing ("renormalizing") the weights of edges and vertices. This is 



done in section 4.9 through a few intermediate steps. 

- after this graph manipulation, so that we have the same graphs on both sides, it 
remains to check whether the weights of edges and vertices in the A-model and in the 
B-model coincide. This is done in two steps: 

- In the large radius limit, where all Kahler parameters are large tj — > +oo, i.e. the 
tropical limit, the fact that the tropical limit of the spectral curve is the toric graph 
of the A-model side, implies that the weights coincide at all tj = oo. This is shown in 
connection with the Marino- Vafa formula in theorem 14.31 

- For finite Kahler radius tj, thanks to the topological recursion, the weights of 
the B-model side satisfy the "special geometry property" (similar to Seiberg-Witten 
relations), i.e. a differential equation with d/dtj, which allows to compute their deriva- 
tives with respect to tj, and thus show that the weights of the A-model and B-model 
side, coincide for all t/s (large enough). This procedure is carried out in lemma 



4.1 



Combining all these results together concludes the proof of the BKMP conjecture 
in the last section of the present article. 

This article is organised as follows: 

• Section 2 is a reminder on Toric Calabi-Yau 3-folds geometry and mirror sym- 
metry. 

• Section 3 is devoted to the description of the A-model side reminding the topo- 
logical vertex formalism through localization. 
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• In section 4, we present the BKMP conjecture and prove it by reorganising the 
graphs involved by the topological recursion into a set of graphs matching the 
ones rising for the localisation analysis of section 3. 

• Section 5 is a conclusion. 

• The first two appendices are reminder of the topological recursion formalism and 
its relation to intersection numbers. The other ones present some of the technical 
proofs of theorems requested for proving the BKMP conjecture. 

2 Reminder: geometry of Toric Calabi— Yau 3-folds 

The geometry of toric Calabi- Yau 3-folds is well known and described in many works 
and review articles [5U [9j [26j HOI [56] , it is mostly combinatorial. The goal of this 
section is to give a brief description of the geometry and combinatorics of those spaces 
and introduce notations, which will be useful for the rest of the article. Since these are 
classical results of toric geometry, we only provide sketches of proofs here and we refer 
the reader to the aforementioned literature for more details. 

2.1 Construction of toric Calabi— Yau 3-folds 

Every toric Calabi- Yau 3-fold X can be constructed as follows. Let r be a non 
negative integer, and let q\,...,q r be independent integer vectors called charges 
q% = (qi,i, • • • , qi,r+3) e Z r+3 for % = 1, . . . , r such that 

r+3 

Vz = l,...,r , J>-i = °- t 2 - 1 ) 

i=i 

In addition, these charges will be asked to fulfill additional condtions called "smooth- 
ness condition" which are described later in section 12.1.21 

Let ti, . . . ,t r be r positive real numbers tj > 0, called Kahler parameters, or radii 
and Xi, . . . , X r+ 3 be the cannonical coordinates of C r+3 . We write 

X i = \X i \e l6 '. (2.2) 

Definition 2.1 For charges {qiY i=1 , Kahler parameters {ti} r i=1 and {X^Y^ as above, 
one defines the 6- dimensional real manifold X as follows. X is the submanifold ofC r+3 
defined by the r relations 

r+3 

Vz = l,...,r , ^g M -|X,| 2 = t 4 , (2.3) 
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and quotiented by the equivalence relations: 



Vi = 1, . . . , r , Va G 1 , (ei,...,e r+3 ) = (e 1 ,...,e r+3 ) + a(q i}1 ,...,q i , r+3 ). (2.4) 

Under a suitable choice of charges <^'s, X is a smooth 6 dimensional manifold. 
It turns out that X has a complex structure inherited from that of C' r+3 and it has 

r+3 

the Calabi-Yau property which is equivalent to ^]qi,j = 0. One can check that the 
following symplectic form: 

, r+3 

oj = -J2d\X l \ 2 Ad9 t (2.5) 
i=i 

is a well defined symplectic form on X (it is the reduction of the cannonical symplectic 
form on C r+3 , and it descends to the equivalence classes). 

Let us consider 2 examples which will often illustrate our general method: 

• The resolved connifold is defined with r = 1 and q = (1, 1, —1, —1), i.e. 

|X 1 | 2 +|X 2 | 2 -|X 3 | 2 -|X 4 | 2 = t , (0i,02 ; 03A) = (9 1 + a,9 2 + a,9 3 -a,9 4 -a). 

(2.6) 

• The local P 2 is defined with r = 1 and q = (1, 1, —3, 1), i.e. 

|X 1 | 2 + |X 2 | 2 -3|X 3 | 2 + |X 4 | 2 = t , (01,02,03,04) = (0i + «,0 2 +a,0 3 -3a,0 4 +«). 

(2.7) 

2.1.1 The toric graph 

Let 7r be the moment map 

tt: X -+ M 3 

H- (iXxlMXslMXal 2 ) • 

The image tt(j£) is a convex polyhedral subdomain of 1R 3 . Its faces are given by |X| 2 = 
for some % — 1, . . . , 3 + r. Its edges are the locci where a pair of |X| 2 vanish and its 
vertices are reached when 3 of the |X| 2 vanish. See figjljfor our 2 examples. 

Let us define the three vectors 

a = (1, 0, 0, a 4 , . . . , a r+3 ) , /? = (0, 1, 0, /3 4 , . . . , /3 r+3 ) , 7 = (0, 0, 1, 74, . . . , 7 r+3 ) 

(2.9) 

satisfying 

r+3 r+3 r+3 

^2qij<Xj = , J2qi,jPj = , 2?ij7i = ( 2 - 10 ) 

i=i i=i i=i 
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Figure 1: The polyhedra of the resolved connifold q = (1, 1, —1, —1) and of local P 2 
</= (1,1, -3,1). 

for all i — 1, . . . , r. Notice that this definition implies that 

Vj = l,...,r + 3 , + + (2.11) 

Thus, the 3-dimensional vector (ay, 7-,-) is the normal to the j th face define as the 
image of the set |x| \Xj\ 2 = oj. 

We define the graph in IR 3 whose r + 3 vertices are the points 

(«i,ft,7i) (2-12) 

and we draw an edge between (0^/^,74) and (ay, 7,) iff the face |Xj| 2 = and 
|Xj| 2 = have a common edge. 

This graph is in IR 3 , but since it lies on the hyperplane a + (3 + 7 = 1 (thanks to 

r+3 

the Calabi-Yau condition ^J<7y = 0), we can actually view it as a graph in IR 2 . 
We thus define: 

Definition 2.2 27ie (iwa/ toric graph o/jC, «s the graph in IR 2 whose r + 3 vertices 
are the points 

«i = (2-13) 

swc/i i/iat iwo vertices Vi and Vj are linked by an edge if and only if the faces \Xi\ 2 = 
and \Xj\ 2 = have a common edge. is thus the graph whose vertices are the normal 
vectors to the faces of the polyhedra of X. 

Definition 2.3 The toric graph Y% ofX, is the dual ofTx, i-c. a graph whose edges are 
orthogonal to those ofTx, and such that the length of the a-projection of the compact 
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edges are equal to the \X\\ 2 projection of the corresponding edges in the polyhedra. The 
lenghts of compact edges of the toric graph, are thus linear combinations of the tj 's. 
The coordinates of a vertex o of Tx in the M 2 plane are denoted: 

v= {a a °bo)- (2-14) 

o o 

Thus a a — a a t (resp. ba — b a ' J is a linear combination of tj 's. 

See fig|2]for examples. 
2.1.2 Smoothness condition 

The polyhedra vr(j£) is not smooth at its vertices. Thus X might not be smooth at these 
vertices. It can be shown that the invertibility of the matrix [qij]i=i,..., r - j=i,..., r +3,jjti 1 ,i 2 ,i3 
with integer coefficients, i.e. that: 

V(ii,i 2 ,i 3 ) = vertex , det (fcj)^ _ >r . j=1> ... jr+3 j^ 1)h , is = ±1 (2-15) 

ensures the smoothness of X near the vertex (X^l 2 = |X i2 | 2 = |X i3 | 2 = 0. We refer to 
it as the smoothness condition of X near (i l3 i 2 , is). 

Near (zi,^,^), X is locally C 3 , and the condition above is related to the fact that 
we can define the 3 canonical angles of C 3 , and the angles must have periodicities 2-k 
(so we need integer coefficients). Once again, we refer the reader to the literature cited 
at the beginning of this section for further insights on this topic. 
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In terms of the toric graph, a vertex of the polyhedra is a triangular face of the 



dual graph Y^, and the condition 2.15 is equivalent to saying that: 



area of triangle (ii, i 2 , 13) = - (2.16) 

i.e. 

^%2^ii ^isfiia ^13/^12 ^13/^ii ^il/^ia il. (2.17) 

If we relabel the points ii, 12,13 so that the triangle (11,12,13) has trigonometric orien- 
tation in M 2 , then the expression above is +1: 

^ilPt2 ^iaPii ^12/^*3 ^13/^12 Q-isPii C^ii/3i 3 "hi- (2.18) 

Proposition 2.1 TTie c?ua/ toric graph Tx a triangulated polygon with vertices in 
Z 2 7 made of triangles of area 1/2. 

2.1.3 Local framings 

The previous smoothness condition can be readily rewritten as a determinant, by in- 
troducing the following matrix: 

Definition 2.4 To every vertex a of Tx, ( i.e. to a positively oriented triangle 
(h, h, h) of the dual Tx) we associate the 2x2 matrix f a (called local framing matrix 
at vertex a): 

j _ | fa,<r fb,a \ _ f Pi 3 ~ Pi\ Pii ~ Pi 2 \ X9) 

\ fc,cr fd,cr J V ^43 &12 ^il J 

The smoothness condition is that detf CT = 1, i.e. f CT G Sl 2 (1<). 

Observe that a rotation of the triangle (^1,^2,^3) —> (12,^3, h) amounts to 

U~+ U >< ( I Z\ ) > ( 2 - 2 °) 

and a change of orientation of the triangle (^1,^2,^3) ~> (^2,^1,^3) amounts to 

fa -»> f„ x f \ _° x V (2.21) 

Definition 2.5 Let e = (cr, a') be an edge of Tx, we denote e = (a, e) (resp. e' = 
(a', e) ) the half edge of e starting from a (resp. a'), and let a be dual to the positively 
oriented triangle [i\,i2,H) in an d &' be dual to the positively oriented triangle 
(*2j*ij*4)- We define the framing of the half-edge (cr, e) as: 

U = -U = Ph ~ fa = ha = -hy (2-22) 
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Notice that the framings of the 3 half-edges emanating from a vertex a are respec- 
tively: 

fb,a ; ~fa,a ~~ fb,v j fa,ai (2.23) 

and their sum is zero: 



V a = vertex of , ^ f t = 0. 

e adjacent to a 



(2.24) 



2.1.4 Lagrangian submanifolds 

For a toric Calabi-Yau 3-fold 3C, we define a set of special Lagrangian submanifolds as 
follows: 



Definition 2.6 Consider a 1- dimensional affine subspace V ofM. 3 , given by relations 

r+3 



V: Vi = l,2, $>d^f = 



(2.25) 



where {r^j}i=\^..^,j=i,...,r-\-3 are integers such that Ylij r i,j = 0> and C\,C2 are two real 
numbers chosen such that V intersects an edge of the polyhedra of X. Then define a 
special Lagrangian submanifold L, as the 3 dimensional submanifold of X given by the 
following relationships: 



r+3 



Vi = l,2, ^r M |X,| 2 = 



(2.26) 



and the realtionships between 9 1 , . . . , 9 r+3 : 

( • • 

= det 



9l,r+3 



\ 



Qr,l ■ 


Qr,r+3 


r l,l • 


• ?"l,r+3 


r 2,l ■ 


• r 2,r+3 


01 ■ 


#r+3 / 



(2.27) 



r+3 



This condition implies that L is Lagrangian, i.e. the symplectic form u> = ^^d\Xj\ 2 A 

3=1 



d9j = vanishes on L. 



In addition, we shall require that the plane orthogonal to V in 1R 3 be not parallel to 
any edge of the polyhedra of X. 
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Figure 3: Example of a brane L for X =resolved connifold. 7r(L) is a line K C K 3 , 
ending on an edge of the polyhedra of X. 

L (in fact V) can be pictorially represented as a half-line on the polyhedra of X, 
ending on an edge, or also L can be represented as a line attached to an edge of the 
toric graph, see figj3j 

The fact that L ends on an edge of the toric graph, implies that L is topologically 

L ~ C x S 1 , (2.28) 

and it has Betti number 

bt(L) = dim#i (L,Z) = 1 , H 1 (L,Z)~Z. (2.29) 
From now on, we shall always assume that L ends on a non-compact edge. 

2.2 The mirror 

For a set of r complex parameters {U}1 =1 , and a set of charges {<fi}[ =1 as before, one 
defines the projective curve embedded in P 2 = (Yi, Y 2 , Y 3 ) by the homogeneous degree 
1 polynomial: 

r+3 

H{Y 1 ,Y 2 , Y 3 ; h, ...,t r ) = J2 Yi = ° ( 2 ' 3 °) 

i=i 

where Yi = e~ Xi , and 

r+3 

Vi = l,...,r , ^2q iJ x j =t i . (2.31) 

i=l 

Thanks to the Calabi-Yau condition ^ q it j = 0, it is homogeneous of degree 1 . If we 
choose the patch Y 3 = 1, this defines an algebraic curve embedded into (C*) 2 : 

H(Yi, Y 2 , t r ) = 0. (2.32) 
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Remark 2.1 The polynomial H(Yi,Y 2 ,Y 3 ) depends on the complex parameters U and 
charges qi but, as long as there is no ambiguity, we omit to write down this dependance 
explicitly in the following. 

Let us consider our two examples: 

• For the resolved conifold q = (1, 1, —1, —1), we have x± = X\ + x 2 — x 3 — t, i.e. 

Y A = e'~ ^ (2.33) 
Y 3 



and thus 



H(Yi, Y 2 , Y 3 ) = Y 1 + Y 2 + Y 3 + e*~ (2.34) 



The corresponding algebraic curve is: 

Y 1 + Y 2 + l+e i Y 1 Y 2 = (2.35) 

which is parameterized by a unique parameter t. 

• For local P 2 q = (1, 1, —3, 1), we have X4 = 3x 3 — x\ — x 2 — t, i.e. 

Y 4 = e«" (2.36) 

and thus 

H(Y 1 , Y 2 , Y 3 ) = Y 1 + Y 2 + Y 3 + e l (2.37) 

*1 J-2 



The algebraic curve is: 



e* 



Y 1 + Y 2 + 1 + — = 0. (2.38) 



2.2.1 Newton's polygon 

Notice that the equation of this projective curve is always of the form: 

H(Y l7 Y 2 ,Y 3 )= H^YfYiY, 1 "*-?. (2.39) 

(a,/3)=vertexof Tj 

In the patch Y 3 — 1, it gives the plane curve 

H(Y 1 ,Y 2 ,1)= H aift Y?Yf = 0. (2.40) 

(a,/3)=vertex of Tj 

Newton's polygon is denned as the set of points (a, /3) G Z 2 such that if a)/ g 7^ 0. 
Therefore: 

Proposition 2.2 The Newton's polygon of the plane curve H(Yi, Y 2 , 1) = is the dual 
toric graph. 
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2.2.2 Topology of the mirror curve 

Let C be the Riemann surface of polynomial equation = H(X,Y) = £\ ^Hi^X % Y^ 
with generic coefficients K%y 

It is a classical result in algebraic geometry, that the genus q of C is the number of 
integer points strictly contained in the convex envelope of the Newton's polygon. 

Since the Newton's polygon is the dual toric graph and since is triangulated 
with triangles of area 1/2, each triangle contains no integer point in its interior. Integer 
points are only at vertices, and thus the number q of integer points is the number of 
vertices of Y^ which are strictly inside the polygon, i.e. in terms of the dual, this is 
the number of compact faces of T^, that is to say the number of "loops" of Y^. Since 
the number of faces of is r + 3^J the number of non-compact faces is r + 3 — g. This 
means that: 

Proposition 2.3 The genus q of the algebraic curve C is the number of loops in the 
toric graph Y%. The number of punctures of H(X, Y) = is r + 3 — Q. 

Tx is a triangulated polygon in 1? , with r + 3 vertices, g + 2r + 3 edges, q + r + 1 
triangular faces (each triangle having area 1/2). 

The toric graph is a planar trivalent graph with 2g + r compact edges, r + 3 — q 
non-compact edges, + r + 1 vertices and q compact faces. 

For our two examples, this gives: 

• The mirror of the resolved connifold has genus = 0. The toric graph has r = 1, 
it has 5 edges, 1 compact and 4 non-compact, and it has 2 vertices, and no internal 
face. See figjl} 

• The mirror of local P 2 has genus = 1. Its toric graph has r = 1, it has 3 vertices, 
6 edges, 3 compact and 3 non-compact, and one internal face. See figJTJ 

2.2.3 Branchpoints 

The branchpoints are the zeroes of the meromorphic differential form dx = —dX/X 
on C. The number of branchpoints is given by the Hurwitz formula: 

#zeroes of dx = 2q — 2 — deg (dx) (2-41) 

where — deg (dx) is the number of poles of dx, i.e. the number of punctures, which is 
equal to r + 3 — 0. This shows that the number of branchpoints is equal to the number 
of vertices of T^: 

#zeroes of dx = 2q - 2 - deg (dx) = q + r + 1. (2.42) 
3 Remember that each face corresponds to some \Xi\ 2 = 0, i = 1, . . . , r + 3. 
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Figure 4: The toric graph of local P 2 and its dual, and the same graph after a framing 
transformation X — > XY* such that there is no more vertical edge (no horizontal edge 
in the dual). Here the framing is / = 2. 

To each vertex a of T%, we can associate a branchpoint a a . This labeling of branch- 
points by vertices of the is made explicit in the next section. 

2.2.4 Framing 

For / G Z, we shall consider the plane curve Hf(X, Y) = defined by 

H f (X,Y) = H(XY f ,Y,1) (2.43) 

i.e. we have replaced Y\ = XY$ and Y 2 = Y and Y 3 = 1. Such an integer / G Z is 
called the "framing". 

The framed curve has an equation of the form: 

H f (X,Y)= Yl H a ^X a Y^ a . (2.44) 

(o,/3)=vertexof 

Its Newton's polygon is an affine transformation of the dual toric graph T^. See 
figj4]for the example of local P 2 . 

In all what follows we shall always assume that we have chosen a framing such that 
the framed toric graph has no vertical edge. 

2.3 Atlas of the mirror curve with cylinders and pants 
2.3.1 Amoeba and tropical limit 

For describing the geometry of the mirror curve, it is very useful to introduce some 
basic results of tropical geometry. 

First of all, given a sub-manifold of C n , one defines its Amoeba as follows: 
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Definition 2.7 For jigN and a polynomial P(Yi, . . . , Y n ), we define the Amoeba of 
the submamfold V := {(Y u . . . ,Y n ) e C n \P(Y u . . . , Y n ) = 0} by 

A{P) := {{Rex u ...,Rex n )\P{e- Xl ,...,e- x ") = 0} . (2.45) 

Another way to define this Amoeba is the image of V under the so-called Log map 
which we shall now define. 

Definition 2.8 For A G 1R + , let us define the "Log" map 

(C*) n R n 

L °9\ ■ (Y ^ Y \ _v ( lQ gl yi l MM \ ( 2 - 46 ) 

■ ■ ■ , *n) —r y logA' - ' - ' log A J' 

With this definition, one sees that 

A(P) = Log e (V) , (2.47) 

while changing the value of A amounts to applying a rescaling to the Amoeba. 

In particular, the limit A — > oo is known as the tropical limit, following a result of 
Mikhalkin [49] and Rullgard 



Theorem 2.1 When A — >■ +oo ; the A rescaled Amoeba ofP(X, Y) = VjofijA a,J I'^ 
converges to a tropical curve: 

Log x (V) Poo(x,y) (2.48) 

where the tropical curve 

P^X.Y):^^^^ (2-49) 

is defined by 

">>,, .Y' V- {(x ,y ) eM 2 |3( ? ,j) ^ V(m,n) £ {(z,j), (A;, 0} , 



fli.i + + JZ/o = Ofc,j + kx + ly < a m , n + mx + ny } . 
(2.50) 

A tropical curve is thus a union of straight segments in IR 2 , forming a graph with 
trivalent vertices drawn in IR 2 whose faces are associated to the monomials defining 
polynomial, edges to pairs of such monomials and vertices to triple of them. In partic- 
ular, the A rescaled Amoeba of P(x,y) = oiijX~ ai > : > X l Yi converges in the tropical 
limit to a graph whose faces correspond to sectors where the log of one of the mono- 
mials otijX - "*'' X % Yi has a modulus larger than the other monomials. The edges and 
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vertices of the limiting Amoeba are thus the locus where two, respectively three, of 
these monomial are of equal magnitude, and larger than the other ones. Let us remark 
that the pairs € 1> 2 for which a^j 7^ fix the slope of the possible edges of the 
tropical curve whereas the position of the vertices as well as the connectivity of the 
graph representing this tropical curve depend on the exponents a^j's. 

Let us apply the rescaling technic to the study of the geometry of the mirror curve. 



Proposition 2.4 The tropical limit of the plane curve Hf(X,Y) = with complex 
parameters tj = Tj log A, is the framed toric graph rescaled by log A of X with Kahler 
parameters tj = tj + 0(1). 

proof: 

We are interested in the large complex parameter limit t k — > oo. For reaching this 
limit, let us define 

T k ■= r^- (2.51) 
log A 

where we assume Tk = 0(1) when A — > +oo. 

Let us first remark that the coefficient of X a Y^ in the polynomial Hf(X, Y) reads 

H a ^_ fa = (2.52) 

where the times t a ^ are linear combinations of the complex parameters: 

t a ,p — ^ C a ^. k t k . (2.53) 

k 

With these notations, the framed mirror curve can be written 

H f (X,Y)= Xk X a Y . (2.54) 

(a,/3— /a)=vertex of Tj 

We can now study the tropical limit of the plane curve Hf(X,Y) = 0. When 
A — >■ oo, its rescaled Amoeba converges to 



(a.B— fa') = vertex of It \ k / 



(2.55) 



/a)=vertexof 

It is supported by the lines of equation: 

- Y c ^ kfk + <*x + Py = -Y c «'>P'* fk + a ' x + Py ( 2 - 56 ) 
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for (a, (3 — fa) and (a', (5' — fa') two vertices of Y^. It is easy to see that these lines 
are parallel to the edges of the framed toric graph of 3cQ . 

More precisely, the tropical curve if (X, Y) is a graph whose faces are sectors of 
IR 2 where the logarithm of the modulus of one of the monomials in Hf(X, Y) is larger 
than all the other ones. It is now important to remember that such a monomial is 
just the expression of one of the Y1/Y3 in terms of X and Y. If % — 3 we have that 
\Yi/Y 3 \ = 1 and \Y}/Y 3 \ < 1 for j ^ 3. If i ^ 3, we have that \Yj/Yj\ < 1 for j ^ i. 
Let us write 

\X j \ 2 = -log\Y j /Y i \. 
Hence, a face of the graph defining the tropical limit, corresponds to 

\Xi\ 2 = \Xj\ 2 > 

and by definition ^ . qkj\Xj\ 2 = tf~. In other words a face of the tropical curve corre- 
sponds to the vanishing of one of the |Xj| 2 , i.e. to a face of the toric graph. 

In this way, we can associate a face of the Toric graph to each face of the graph 
defined by the tropical curve. The adjacency of these latter faces is thus given by 
the Toric graph. Combining this result with the fact that the edges of the tropical 
curve are parallel to the ones of the framed toric graph proves the proposition (up to 
a translation of the edges which does not change the graph and is of no interest in the 
following) . 

□ 

2.3.2 Large radius 

When the parameters tj are large enough, the amoeba of the mirror curve is a small 
region which surrounds its tropical limit (cf. fig. [5]), that is to say, it is a fattening of 
the framed toric graph. 

Thus, when the t/s are large enough, it is possible to cut the amoeba by vertical 
strips of fixed width R = 0(1), such that the amoeba is a union of 3-legged amoeba 
pieces of fixed width, and 2-legged amoeba pieces of arbitrary width. See fig [5} 

• Cylinders 

Regions of the amoeba which are close to edges (i.e. 2-legged amoeba pieces) 
correspond to two of the |^|'s of the same magnitude and all the others much smaller, 
i.e. they are approximated by: 

(e^X a Y p + e^'^'X a 'Y p '){l + o(l)) = (2.57) 
4 Rcmark that this property does not depend on the value of the parameters C a ^-k and T^. 



18 



Re y 




Rex 



Figure 5: For t^s large enough, the Amoeba surrounds the toric graph. Since we have 
chosen the framing so that the toric graph has no vertical edge, it is possible to cut 
the amoeba by vertical strips of width 0(1) (when t% — > oo), such that the amoeba is a 
union of 3-legged amoebas of fixed width R, and 2-legged amoebas of arbitrary width. 



with (a, (3) and (a/, f3') two adjacent vertices of the dual toric graph. Let us consider 
an half-edge e, so that (a, (3) is to the right of e and (a/, f3') is to the left of e, so that 

The curve is a rational curve with 2 punctures, it is 

topologically a cylinder. It can be parametrized by a complex parameter zgC*: 



(2.58) 



X = e~ x = zW (1 + o(l)) 
Y = e~ y = e p=P z a " Q (1 + o(l)) 
The differential dx = —f e dz/z never vanishes, so this curve contains no branchpoint. 

• Pairs of pants Regions of the amoeba which are close to vertices (i.e. 3-legged 
amoeba pieces) correspond to three of the \Yi\'s of the same magnitude and all the 
others much smaller, i.e. they are approximated by: 

(e'^IT^ + eWA^V + e W" X a "Y p ")(l + o(l)) = (2.59) 

where (a, (3), (a', (3'), (a", f3") is an oriented triangle of T^, i.e. a vertex o of T x . This 
curve can be parametrized by a complex parameter z £ C \ {0, 1, oo}: 

x = -lnX = -f b \nz -f a ln(l-z) + f b In ^ + f a In + a a + o(l) 
y = -l n y = -f d lnz -f c ln(l-^) +f d ln^ +^^^ + 6^ + 0(1) 

(2.60) 

where f is the framing matrix defined in def. 2.4| 



It is easy to see that this curve is topologically a pair of pants see fig|6| 
The differential 

z 



dx 



dz 



(2.61) 
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Figure 6: Each C a is topologically a "pair of pants" i.e. a Riemann sphere with 3 holes, 
dC a is the union of 3 circles. C a is realized by gluing 2 copies of the x-complex plane, 
with a cut ]<x>, a a ], glued together along the cut. Moreover, since the curve is algebraic 
in the variable X = e~ x , this means that x has to be identified with x = x + 27rif. 
Also, we have defined C a by restricting — ^ < Re (x — a a ) < ^ for large enough t/s. 

vanishes at exactly one point z — fb/(fa + fb) , so this pair of pants contains exactly one 
branchpoint (here we use the fact that we have chosen the framing so that the framed 
toric graph has no vertical edge, i.e. f a , ft and f a + fb are all non- vanishing) . 

2.3.3 Atlas of the mirror curve 

This gives an explicit atlas of charts to describe the plane curve Hf(X, Y) = 0. 
In other words, an atlas of C is obtained as follows: 

Proposition 2.5 The curve C is covered by a union of cylinders C e (with e hedges) 
and spheres with 3 holes C a (with o ^vertices). 



The transition maps are obtained by identifying the coordinate e~ x in each patch. In- 
deed, if a is a vertex and e is an adjacent edge, then the map C — > C* , (-> e~ x is 
analytical and invertible on C a fl C e (this intersection has the topology of a cylinder). 

Each pair of pants C a contains exactly one branchpoint, and thus we label the 
branchpoints by vertices a G T^. 

2.3.4 The Harnack property 

Notice that the map C A : (e~ x ,e~ y ) i— > (Hex, Key) is 2 — > 1 in each cylinder 
and each pair of pants, and our assumption that tj's are large enough implies that 
the amoeaba pieces of distinct cylinders and pairs of pants don't overlap, so the map 



Uo-=vertices of Tj Ccr U e=e<: iges of Tj C e . 



(2.62) 
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Figure 7: For i,'s large enough, and if we have chosen an appropriate framing (such 
that the toric graph has no vertical edge), then we can cut the curve by planes 
Rex =constant, such that the curve is a union of pairs of pants and cylinders. Each 
pair of pant contains exactly one branchpoint a a , and we chose the cutting planes such 
that the domain {Re (x — a a )} remains finite in the limit tj — > +oo. The cylinders be- 
come of infinite lenght in the limit tj — > +oo, their length is of the order |Re(ao- — a a >)\ 
i.e. of the order of tj. The example here is local P 2 , of equation I + XY 2 + Y + -^y^ = 0, 
i.e. the curve 1 + X + Y + jy = framed by X -)■ XY 2 . 

C — >■ A : (e~ x ,e~ y ) \-> (Rex, Rey) is globally 2 -> 1. This is called the "Harnack 
property", and this means that H(e~ x ,e~ y ) = is a Harnack curve. 

It was shown by (361 132] that a Harnack curve can always be realized as the limit 
shape of a crystal model, which makes the link with combinatorics, but we shall not 
use that here. 

2.3.5 Torelli marking of the curve 

We shall need to define a symplectic basis of cycles on the curve. See fig. [8j 

• First, let us choose a tree T covering all vertices and all non-compact edges of 
the toric graph T^. Choose a root and orient the edges of T from root to leaves. 

• there are exactly q compact edges of which are not covered by T. All such 
edges e are such that TUe has exactly one loop, and label that loop, and that edge, by 
the vertex of adjacent to it inside the loop. The set of labels is the set of interior 
points of Tx 

{/ | / = compact face of = interior vertex of Tx }■ (2.63) 
For each such edge, choose arbitrarily an orientation, i.e. an half edge e/. Define 
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Figure 8: First consider a tree T going through all vertices and all non-compact edges 
of Tx, choose a root and orient T from root to leaves. For each compact edge I of 
Tx \ T (there are q of them), choose an oriented cycle Ai wrapping the corresponding 
cylinder of C. Choose the cycle Bj to be the (only) loop of T U /, pulled back on C 
by the amoeba map, and orient it so that Ai H £>/ = +1. That provides a symplectic 
basis of cycles on C: Aj fl Bj = 5j t j. 



the cycle A e[ to be a circle of constant Re x wrapping the cylinder C ei leaving the other 
half-cylinder on its left side. 

• For each such half-edge e/, define the cycle B €I on C, to be a pullback by the 
amoeba map, of the loop of T U ej, and orient it such that A ei fl B ei = +1. 

All this defines a symplectic basis of cycles on C, satisfying: 

A! n Bj = 5 ItJ , A I nAj = $ , Bi n Bj = 0. (2.64) 

A curve C with a symplectic basis of cycles is said to have a "Torelli marking". 
Factor s e : 



For later purposes (for defining the mirror map in section 2.4 below), we need to 
associate a weight s e to each half-edge e of T^, such that: 

(e,e') = compact edge of T x -»■ s e = -s e > (2 65) 

(ei,e 2 ,e 3 ) = vertex of T x -> s ei + s €2 + s e3 = 1. ~"° 



Remark: a choice of s e satisfying (2.65) is not unique, for instance one can change 



it to s t + K f e where K is an arbitrary constant, since f e satisfies the homogeneous part 



of (2.65). 



Let us show that some choice of s e do exist. 

Definition 2.9 The factor s e can be constructed as follows: 

• to each half-edge e ofT x which doesn't belong to the tree T, associate s t = 0. 
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• to each half-edge e which is a leaf ofT, associate s e = 0. 

• Recursively, starting from leaves to root, to each vertex ofT whose children half- 
edges have already been computed, define for the parent half-edge e: 



s e = i - ^2 *■ ' 

childdren e' 



(2.66) 



and proceed until all half edges have been computed. 

2.4 The mirror map 

Our mirror curve is of the form: 

H(X, Y)= e *"" 9 X ° Yl3 

(a,/3)ef x 

where each coefficient t a ^ is a linear combination of the t,'s: 



(2.67) 



3=1 



(2.68) 



Notice that each / = (a, 0) is a vertex of the dual toric graph Y^, and thus corresponds 
to a face of the toric graph Y^. 



Lemma 2.1 The r x r matrix C such that 

V(a,(3)ef x , (a,0) £{(0,0), (0, !),(!,/)}, 



ta,p = 2^ ( ^( Q " 9 )y *J (2.69) 



/.s 



invertible (we have set io,o — ^o,i — — 0j. 



proof: 

The vertices of are labeled I = 1, 2, . . . , r + 3 in (2.31), and are also labeled 
I = (a, 0) the coordinates of I in Z, 2 , so that C is a square r x r matrix. If we write 



^0,0 = 0, x lif = x + fy, x ,i = y, x afi = t a ^ + ax + 0y 
the definition of the x a ^ given by (2.31), reads 



(2.70) 



r+3 



Vz = l,...,r, 



7=4 



i.e. 



(C )i,i = %i , i = l,...,r, 7 = 4, ...,r + 3, 



(2.72) 



which is invertible due to the smoothness condition (2.15). □ 
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Figure 9: Consider an half-edge e, it corresponds to a cylinder on the mirror curve, and 
we choose a cycle A e wrapping the cylinder, oriented so that the vertex from which e 
comes, is to the right of A t - 



Lemma 2.2 Let e be an half-edge of the toric graph, so that (a, 0) is the vertex ofTx 
to the right of e, and (a', (3') is the vertex ofT% to the left of e, and thus f e = (3 — (3'. 
LetC e be the corresponding cylinder of the curve, and A e , a cycle wrapping the cylinder 
C e positively (see fig 9). In the large radius limit we have that In (Y X ft ) has no 
monodromy around A 6 , and 

I ln(nir) d ^ = i a ,^,-t a ^ + 0{l) (2.73) 

proof: 

Let e be the half edge from the vertex (a, j3) to (o/,/3'). According to (2.57), the 
equation of the curve in the cylinder is in the large radius regime: 

(rr' 3 e' ; ni a '^'eW)(i + o(i)) = o (2.74) 

i.e. 

where the o(l) term is analytical in C t , and thus 

ln(yxl^) = ^-^ ±i7r + o(l), (2.76) 

where the right hand side is analytical on the cylinder C e . This guarantees that the 
contour integral around A e makes sense. Moreover, using the parametrization (2.58), 
the cycle A e is a trigonometricaly oriented circle around in the variable z, and thus 
we get: 

/ ln(yX-¥)^ = fap, - t a ,p ± ivr) Res — + o(l). (2.77) 

Z17T J ^ A z^O Z 



24 



Figure 10: In order to compute integrals with logs, we need to introduce cuts. 



□ 

Lemma 2.3 It is possible to define (uniquely) t a ^ for all vertices (a, (3) ofT% such 
that: 

to,o = ti,o = ^o,i = 0, (2.78) 

and for every half-edge e (we call (a, (3) the vertex ofTx to the right of e and (a', (3') 
the one to its left): 

1 f k^M dX 

t a >,p< ~ W - s e m = — & In (Y X h ) — (2.79) 

2m J a X 



where s e was defined in def \2.9 . 
proof: 

Since the graph is connected, we can relate any vertex (a, (3) to (0, 0) by a sequence 
of edges. We have to check that the result is independent of which sequence of edges. 

First, if e and e' are the 2 half-edges of the same compact egde, one has s e i = — s t 
and A t > = —A t and the integrand is unchanged, so that e and e' give the same value 
for t a > t /3' — t a> p. 

Then, we have to check that for any face {ol\, fa), («2, fa), ( a 3> ^3) of T^, we indeed 
have: (t^^ — t a2 ^ 2 ) + (t a2 ^ 2 — t as ^ 3 ) + (t a3 ,p 3 — tai,Px) = 0- 

Consider an oriented face a = (ai, (3i), (0:2, fa), (0:3, fa) of T%, and its 3 half-edges 
e i,2, £2,3, £3,1- 15 a l so a vertex of T^, and labels a pair of pants of C, whose 3 oriented 
boundaries are A ei2 , A e23 , A e31 (they are oriented so that the pair of pants lies to the 
right of its boundaries). 

Notice that InY and \nX are not analytical on the whole pair of pants. We need 
to introduce cuts, so that the pair of pants minus the cuts is simply connected. We 
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choose 3 cuts from some point P\ G A ei2 , P 2 G A e31 , P3 G A e23 , to a point P in the 



middle, as in fig, 10 



According to lemma 2.2 on a cycle A tl 2 , since the integrand of the following integral 
is analytical, we have (we denote aty = — aj and py = fa — (3j): 



lny + ^ lnX 



/9 



1.2 



/ ( 



lny + ^ lnX 



2,3 



lny + ^ lnX 



3,1 



dX 

dX 
dX 



Pl- 
p 3 - 

P 3 + 
Pl- 

P2+ 



lny + ^ lnX 

Pl,2 



lny + ^ lnX 

P2,3 



lny + lnX 



3,1 



dX 

dX 
dX 



(2.80) 

(2.81) 
(2.82) 



For the integrals of lny, by deforming integration contours across the pair of pants, 
we have: 

Pl+ , ^ dX f P2 ~, ^ dX ^ dX 

lny — +/ i n y — +/ lny — 

Pi- A Jp 2 + A Jp 3+ A 

P- fP+ JY fP- tfV 

(i n y_ -i n y+) — + / (i n y+-iny_) ^— + / (iny+-inyy 

Pl- X JP2+ x Jp 3 - 

(2.83) 



X 



Again, according to lemma 2.2 , we have that the discontinuities of In Y are proportional 
to discontinuities of lnX, and the discontinuity of lnX around A t is 2i7rf e , that gives: 



Pl+ my^ 
x 



"12 



""iny^-f-iny^ 

p 2 + x Jp 3+p x 

(lnX_ - lnX+) ^ + ^ / + (lnX + - lnX_ 



+ 



12 J Pi 

«23 



23 _/p 3 



(lnX+ -lnX_ 



A /3 3 i ip 2+ 
dX 



c/X 



/• p - dX f p+ dX r p - dX 

2ma 12 / — + 2ma 31 / — + 2ivra 23 / — 
-'Pi- A -/p 2 + A Jp 3 - A 

2ivr (a 12 lnX(P_) + a 23 lnX(P_) + a 31 lnX(P+)) 

-2ivr (a 12 lnX(P 1 _) + a 3 i lnX(P 2+ ) + a 23 lnX(P 3 _)) 

2ivra 31 (lnX(P + ) -lnX(P_)) - 2ivr (a 12 lnX(P_) + a 31 lnX(P 2+ ) + a 23 lnX(P 3 _)) 
- (2i7r) 2 a 31 /3 12 - 2i7r (a 12 mX(P x _) + a 31 lnX(P 2+ ) + a 23 lnX(P 3 _)) . (2.84) 



We now compute the integrals with lnX: 
12 7p 1 _ X 2 P12 



(lnX(P 1+ ) 2 -lnX(P 1 _) 2 ) 
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- \ ^ (lnX(P 1+ ) - lnX(P 1 _)) (\nX(P 1+ ) + lnX(P 1 _)) 
-2i7ra 12 (lnX(Pi_) -in0 12 ). 



(2.85) 



Similarly, we get 

P23 Jp 3+ ^ z P23 



\ (lnX(Ps-) " lnX(P 3+ )) (lnX(P s _) + lnX(P 3+ )) 
^ P23 



-2i7ra 23 (lnX(P 3 _) +i7T/3 : 



23; 



(2.86) 



and 

r-P 2 



" 31 X " lnX x = 2^ (lnX(P2 - )2 " lnX(P2+)2) 



31 -/P 2+ 



" ^ (lnX(P 2 _) - lnX(P 2+ )) (lnX(P 2 _) + lnX(P 2+ )) 
-2ivra 31 (lnX(P 2+ )-mp 31 ). 



(2.87) 



Finally we have: 



i.e. 

— in 



-(2i7rj 2 a 31 /3 12 - 2i7r (a 12 lnX(P x _) + a 3 i lnX(P 2 +) + a 23 lnX(P 3 _)) 

+2i7rai 2 (lnX(P x _) -m/3 12 ) 

+2i7ra 23 (lnX(P 3 _) + m/3 23 ) 

+2ma 31 (lnX(P 2+ ) -in/3 31 ) 

2 7r 2 (2a 3 i^i2 + a 12 (3 12 - a 23 (3 23 + a 31 (3 31 ) 

2 7r 2 (a 23 /3 3 i - a 3 i /3 23 ) 

2tt 2 (2.88) 

2^ ju,A ; x 2i7r jr. A ; 



Then, notice that 

s eii2 + s €2 , 3 + s £31 = 1. (2.90) 
This proves that t Qj( g is well defined for all vertices (a, (3) of T x . □ 
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Definition 2.10 (Mirror map, Mirror curve) The map {tk}k=i,...,r ^ {tk}k=i,...,r 
defined by: 

*s = E C 7,U^ ( 2 - 91 ) 

(a,/3)6T x 

where t ,o = *o,i = *i,o = 0, and for every half-edge e (with faces I e+ to the left and 7 e _ 
to the right) of the toric graph, 

ti e+ - t h _ = ms e + — <t In (FX"— — (2.92) 
2m J Ae X 

is well defined and invertible (for large enough t^'s). It is called "the mirror map". 
In the large radius limit, it satisfies 

t 3 =t J + 0(l). (2.93) 

If the Kdhler parameters tj 's defining the manifold X, and the complex parameters 
tj defining the plane curve H(X,Y; {tj}) are related by those relations, then we say 
that H(X, Y] {tj}) = is the mirror curve of X^ 

Remark 2.2 Since the i/'s are (up to addition of regularizing terms) periods ^ <f InY , 
they automatically satisfy some Picard-Fuchs equations, and they are solutions of Picard- 
Fuchs equations which behave as tj = tj + 0(1) in the large radius limit. This is how the 
mirror map is usually defined. 

3 A-model side 

3.1 Closed Gromov-Witten invariants 
3.1.1 Definition 

Consider X a toric Calabi-Yau manifold of dimension 3, with some toric symmetry T 3 . 
Definition 3.1 Let (3 e H 2 {X,'L). We define the moduli space of "stable maps" 

M g , (£,/3) = {(£,/)} (3.1) 

where Tj is a (possibly nodal) connected oriented Riemann surface of genus g, and 
f : H — > X is holomorphic in the interior of T, f(T) G /3, and f is a stable map. 
Stability means that ifT is a nodal surface, any sphere component with at most 2 nodal 
points cannot be collapsed to a point by f , and any torus component with no nodal 
point cannot be collapsed to a point by f. Ai gj0 (X,f3) is the set of equivalence classes 
of stable maps modulo isomorphisms. It is an orbifold, meaning that stable maps with 
symmetries are quotiented by their automorphism group. 

5 The mirror curve defined in this way is not the image of X under mirror symmetry. This image 
is indeed a 3-fold defined by the equation H(X,Y; {tj}) — uv. 
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It is a classic result of algebraic geometry that .M g ,o(X, /3) is a compact moduli 
space (see for example [27] for a review on the subject). 

It has been shown that it has a fundamental class 1 and a virtual cycle 
[M g fl(3L, /3)] vir [3S], and thus we can define the Gromov-Witten invariants as: 

Definition 3.2 We define the Gromov-Witten invariants as a formal power series 
(the formal parameter being Q = e^): 

W s , (X,t) = Yl e ~ M /_ L ( 3 - 2 ) 

where t = (ti, . . . ,tb 2 (x)) is a vector of dimension hi (X) = dimif 2 (X, Z) ; o/ complex 
formal parameters ti. 

We emphasize that this defines a formal series in the parameters Q = e _t , and every 
equality we are going to consider, will be an equality of formal series, meaning equality 
of the coefficients of the series. 

We will not study the construction of the virtual cycles in this article, as we will 
not need it explicitly. We refer the reader interested in more details to the literature 

3.1.2 Localization 

The toric symmetry of X allows to use Attiya-Bott localization and thus 

where M gfl {X, /3) fixed is the subset of M gfi {X,P) of maps invariant under the toric 
action of X. For H G A^ 9i o(X, /3) fixed , the virtual cycle of Ai gt0 (X,f3) descends to a 
virtual cycle [H] vir , and to a normal bundle NZ 1V , and is the equivariant Euler class. 

This construction is well studied in the litterature, and we shall now briefly describe 
the fixed locus to motivate the definition of the relative Gromov-Witten invariants given 
in section 13.31 



3.1.3 Torus orbits in X 

Before describing the contribution to the localization formula, it is useful to recall the 
torus action on X. Remember that we have defined the moment map 

tt: X^M 3 , ^ (|X 1 | 2 ,|X 2 | 2 ,|X 3 | 2 ). (3.4) 

It sends X to the polyhedra. 
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The torus action consists in shifting the 3 independent angles, it doesn't change the 
radius. Hence, it keeps the polyhedra fixed. Let us now study the orbits of the points 
of X under this action: 

- For a generic point pel, ir(p) is in the bulk of the polyhedra, so the 3 independent 
radius are non-vanishing, and the orbit of p under the torus action is a 3-dimensional 
torus. 

- For a point p such that n(p) is on a face of the polyhedra, there are only 2 
non-vanishing radius, and thus an orbit of the torus action is a 2-dimensional torus. 

- For a point p such that ir(p) is on an edge of the polyhedra, there is only 1 
non-vanishing radius, and thus an orbit of the torus action is a circle. 

- For a point p such that n(p) is a vertex of the polyhedra, there is no non-vanishing 
radius, and thus an orbit of the torus action is a point, i.e. vertices of the torus graph 
correspond to fixed points of the torus action. 

Notice that: 

- a fixed point i.e. 7r -1 (vetex) is a O-dimensional manifold. For a vertex a of T^, 
we denote a = 7r _1 (er) the corresponding fixed point of X; 

- 7r _1 (edge) is a 2-dimensional manifold (a 1-dimensional family of circles). If the 
edge is a closed edge, this is a sphere with 2 punctures (the 2 punctures being the 2 
fixed points), and if the edge is open, this is a half-sphere with one puncture. For a 
closed edge e = (a, a') (resp. an open edge e = (a, e)), we denote T( a , a ') = 7I " -1 ( e ) (resp. 
r O, e ) — n ^ 1 ( e )) the corresponding sphere (resp. half-sphere). 

- 7r _1 (face) is a 4-dimensional manifold (a 2-dimensional family of 2-dimensional 
tori). 

- 7r _1 (bulk) is a 6-dimensional manifold (a 3-dimensional family of 3-dimensional 
tori). 

In other words, the only fixed locus of X which are manifolds of dimension at most 
2, correspond to either edges or vertices of the toric graph. 

Definition 3.3 Let £ fixcd be the subset of X: 

X fixcd = ^-1 (edgeg u vertices). (3.5) 
X fixed is a circle bundle over the toric graph. 

• To each vertex a of the toric graph corresponds a circle a of vanishing radius ( a 
point); 

• to each compact edge e = (a, a') corresponds a sphere T^ a ,a')', 
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Figure 11: The fixed locus £ fixed = 7r _1 (edges U vertices) is a circle bundle over the 
toric graph. Vertices correpond to points, compact edges correspond to spheres, and 
non compact edges correspond to half-spheres. 

• to each non-compact edge e = (a, e) corresponds a half-sphere tu^ ■ 
See fig\T]\ for the resolved conifold example. 

3.1.4 Framing 

There are several possible torus actions in X, obtained by changing the cannonical basis 
of C 3 by an U(3) change of coordinate. So far we have choosen the basis X\,Xz, X3, 
but we can take (X[, X' 2 , X' 3 ) = U (Xi, X 2 , X 3 ) where U & U (3), so that the symplectic 
form is conserved: 

3 3 

i=l i=l 

The torus action shifts the angles 61,62, 63 where Xi = |Xj| e l9t , but we could also shift 
the 9?a where X[ = {X^e**. 

Here, we shall choose a basis of X^'s such that the torus action leaves the S 1 circle 
Ln {toric graph} invariant. It depends on our choice of L. Therefore, up to a change of 
the variables {Xj}j = i j „. jr +3 we shall assume that L corresponds to \Xi\ 2 = for i ^ 1. 
In other words L is the line along the coordinate X^. This can always be achieved by 
a linear transformation of the type: 

\X^ 2 \X^ 2 + f\X 2 \ 2 + f'^ 2 . (3.7) 

Notice that for the mirror, it corresponds to 

Y 1 ^Y 1 Y 2 f Y 3 f (3.8) 
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and if we choose the patch I3 = 1 that means 



X ->■ XY f , 



(3.9) 



i.e. it is a framing transformation. 
3.1.5 Fixed loci 

For a map [/:£—»• 3£] to belong to AV(£, /3) fixcd , it has to map £ to /(E) C 3C fixcd . 
Let Oi be an irreducible component of S. It's image under / enters one of these 



• Either it is collapsed, i.e. it is mapped to a O-dimensional component of X . 
This means that f\ . is constant and maps all the points of Oi to a vertex a(Oi) 
of the polyhedra. This component can have an arbitrary topology as long as it 
satisfies the stability condition: its genus g(Oi) and the number of nodal points 
n{Oi) that it contains must satisfy 



• Either it is a sphere with two nodal points and is mapped to a compact 2- 
dimensional fixed submanifold of X, that is to say, to an inner edge e of the 
polyhedra. The map f\ . is then a map between two spheres mapping the nodal 
points to the two vertices to which e(Oi) is incident. This map can be of arbitrary 
degree d(Oj) G N* and is totaly ramified at the two nodal points. 

• Either it is a sphere with only one nodal point and is mapped to a compact 
2-dimensional fixed submanifold of X, that is to say, to an inner edge e of the 
polyhedra. The nodal point is mapped to one of the two vertices adjacent to the 
inner edge, therefore there exists a smooth point on Oi which is mapped to the 
other vertex. The map f\ . is then a map between two spheres mapping the 
nodal point to a vertex, and the other smooth point to the other vertex. This 
map can be of arbitrary degree d(Oj) G N* and is totaly ramified at the two fixed 
points. 

A map (£,/) G Ai g t o(X, f3) Rxcd is thus the union of such irreducible components E = 
U i Oi of respective genus g (Oi) with respectively n (Oi) nodal points and a map / 
such that its restrictions /j = fo i of degree di satisfy the constraints: 

6 The interested reader can find proofs and references in [JD- We only want to motivate some of 
the forthcoming definition in this part. 



three case^D 




(3.10) 
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• If Oi is stable, i.e. if 2 — 2(7 (Oi) — n (Oi) < 0, then di — and fa is the constant 
map mapping all the points of Oi to a vertex a (Oi) = ovj) of the Toric graph. 
The label /(i) tells which fixed point of X, Oi is mapped to. 

• If Oi is unstable, i.e. if g (Oi) = and n (Oi) G {1, 2}, then /j has an arbitrary 
degree di = d (Oi) > mapping the sphere Oi ~ P 1 to one of the 1-dimensional 
fixed submanifolds of X, fa (Oi) = r e((i) . The label tells to which 1-dimensional 
fixed locus of X, Oi is mapped to. 

• The intersection of two irreducible components is a nodal point which is mapped 
to a fixed point of X, i.e. to a vertex of the toric graph; 

• The genus of £ is equal to g; 

• The image of £ belongs to the class (3, which translates into 

= fi. (3.11) 

Oi unstable 

3.2 Graphs for the fixed locus 

A good way to encode such a fixed map is through a map between Ai g0 (X, /9) fixed and a 
set of graphs. For later convenience, we now introduce a set of graphs which is slightly 
larger than the one requested for describing JH 9t0 (X, /3) fixed . 

3.2.1 Graphs 

This leads us to define the following set of graphs Q g ^ n as: 

Definition 3.4 Let g,n be non-negative integers. Q g ^ n is the set of graphs defined as 
follows: G G Gg, n if G is a connected graph, made of vertices and half-edges, each 
closed edge is a pair of half-edges, and: 

- each vertex v has a "color" a v which is a vertex ofT%, a "genus" g v G N 7 and a 
"valence" n v = # of half-edges incident to v. We denote 

E v = {h\ h = half — edge incident to v} , #E V = n v . (3.12) 

- each half-edge h G E v carries a "degree" d h G N and a "color" which is an 
half- edge of T^, incident to a v : 

e h G {half — edges of incident to a v ^)} where v(h) is the vertex adjacent to h, 

(3.13) 

which implies that for a given h, th can take only 3 values (there are 3 half-edges 
incident to a vertex in T%). 



ei(i) 
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t2here are exactly n open half-edges, they are labeled h± : . . . , h n . 
each closed edge e = (h + , h ) is made of two half-edges, 
we impose to have 



2-2g-n = Yl{1-2g v -n v ). (3.14) 



We define Gf^ Xe C Q 9)n the subset of Q g . n with the additional condition that 



9 

ble iff 

9,n 



G e Gf^ lc iff 



Vu, 2-2g v -n v < 0, (3.15) 
in other words (g v ,n v ) ^ (0, 1) and (g v ,n v ) ^ (0,2). 



We also define Q g ^ n (resp. Qf^ ) as the same set of graphs, but without degree 
labels dh attached to half-edges. 

3.2.2 Fixed map and graphs 

Let S = (£, /) be a fixed stable map. Notice that only the irreducible components of 
£ which are spheres with 1 or 2 nodal points, are not mapped to a fixed point of X fixed , 
and they are mapped to spheres of £ fixcd . 
Therefore we define: 

Definition 3.5 Let S = (£,/) G M. 9: o(X, /3) fixed be a fixed stable map. Let us define: 
^vertices = f~ l (fixed points in X fixcd ) , S cdgcs = E \ S vertices . (3.16) 
Let us write S vcrticcs and S cdgcs as the disjoint union of their connected components: 

^vertices — Oi , S e d ges = tblj 0; L . (3-17) 

Each Oi is a sphere with 2 point removed, i.e. it is a cylinder homeomorphic to C* 7 
and each Oi is either a nodal surface, or it is an isolated nodal point, or an isolated 
smooth point on a sphere with only one other nodal point. 

To S = (£,/), we associate a graph of G g ,o as follows: 

- to each Oi C S e dges we associate an edge e^. The edge is made of two half-edges 
h i+ and corresponding to the two nodal points of Oi. The edge e i7 and thus the 
two half-edges h i± carry the degree d Ci of the map f : Oi —> X fixcd . Each half-edge hi± 
carries a label €h i± equal to the label of the corresponding half-edge in the toric graph 
T x . 

- to each Oi C S V e rt i ce s we associate a vertex Vi. The vertex carries a label a Vi 
which is the vertex of the toric graph corresponding to the fixed point f{Oi). It carries 
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Figure 12: In this example, X is local P 2 , whose toric graph has 3 vertices, labeled 
(1), (2), (3). (S, /) G Aig t o(X, /3) fixed is a stable nodal map, invariant under the torus 
action. Each sphere component Oj with 1 or 2 nodal point is mapped by / to an 
invariant sphere of 3£ fixed . Each higher genus component Oj or each sphere with at 
least 3 nodal points is mapped to a fixed point of X, with label 1,2 or 3. Each nodal 
point is also mapped to a fixed point of X. For sphere components with only one nodal 
point (see the bottom left sphere in this example) there is also a smooth point mapped 
to a fixed point. To each sphere component Oi of E with 1 or 2 nodal point we associate 
an edge. To each connected component Oi of the preimage of a fixed point (this can be 
either a stable nodal surface, or an isolated nodal point, or an isolated smooth point) 
we associate a vertex, to which we associate the label of the fixed point and the pair 
(g, n) corresponding to the total genus g of Oi (and we set g = if Oi is a point), and 
where n is the number of edges adjacent to it. 



a genus g Vi =genus of Oi (and we set g v . = if Oi is a point). It carries a valence 

n v t — #( hedges nOj). 

- the incidence relations are determined as follows: an edge ej is adjacent to a vertex 
Vj iff Oi fl Oj 7^ 0. For each vertex v we define E v = {half — edges adjacent to t>}. 

See fig. 12 for an example. 

We have defined those graphs so that it defines an injective orbifold morphisrrj^J 



M gfl (X,f3f XCd -> © 1 [ M gv , nv X N #half-edges(G) 

Geg g , J -.- L 

t)=vertices(G) 



(£,/) m- © Oi © d h . (3.18) 

i=vertices /i=half— edges 

Remark 3.1 Notice that this application is not surjective. Indeed not all graphs G € 
Qgfl satisfy that the degrees of closed half-edges df v>e \ be such that they combine to be the 
homology class (3. Moreover, the image /(E) C X fixed must be such that neighboring vertices 



7 For a precise definition as well as the description of the image of this morphism see |41) . 
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v,v' can only have labels cr v ,a v > which are adjacent in the toric graph, and if h and h' are 
the two half edges of an edge e = (h,h') we should have that (e^e^/) be an edge of T^, 
and we should have = dy. As we have defined them, not all graphs in Q g ^ n satisfy those 
conditions. In |40j the authors prefer to define a smaller set of graphs containing only the 
graphs which can be images of fixed stable maps. 

Here, we prefer to define a larger set of graphs Qg t n in order to make the link with the 



topological recursion formalism in the B-model side, later in section 4.4 

Our strategy will be to assign weights to graphs, in order that unwanted graphs receive 
a vanishing weight. 

3.2.3 Gromov-Witten invariants and weighted sum over graphs 

Since this morphism is injective, the sum over fixed stable maps can be translated into 
a sum over © G6 g s rL=vertices(G) SA gv , nv xN #half " edges(G) , i.e. over decorated graphs. 

It can be shown that the measure on this set of graphs factorises, up to a symmetry 
factor, into a product of measures on the vertices and edges forming the graph 



Theorem 3.1 (Localization formula |40L 113] ) The Gromov-Witten invariants of 
a calabi- Yau X can be written as a sum over graphs, weighted by products of weights 
Hg t1l . a ({ki, . . . , k n }) associated to vertices and weights F e e r(k, k') associated to edges: 



( — l) n 

W s , (£,t) = JlAut(C) 11- H 9v,n v ;<r v ({dh/fe h }hEE v ) 



II Fe h+(e) ,e h _ (e) {dh+(e),d h _(e))- 
edges e=(h+(e),h— (e)) 

(3.19) 



where 

• if2-2g-n<0: 



/ 

J A 



e=half — edges of a 




II WMnrrff: < 3 - 2 °) 



■^9," e=half-edges of a i=l 



where lf (k) = -L |^k±M (3 . 21) 



and where f is the "regularized" T function defined as 



E 



°2k ,,1-2/s 
2fc(2fe-l) 



T(u) = ^7=r(u) = e fc=1 (3.22) 
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(T(u) is the Gamma function and Bk is the k th Bernoulli number), and AHodge(7) is 
the Hodge class in M. g , n o,nd ipi is the first Chern class of the cotangent bundle at the 
jtb mar k e d 'point. 

The same formula applies to (g,n) = (0,1) and (0,2) if we define 
• i/fon) = (0,1): 

n Wfo— W=i ^ 3 - 23 ) 



/ 



v i — 1 — k ib k 



- 1 e=half— edges of a 

if {g,n) = (0,2): 



n WfJ * . * . d - f CT (3-24) 



• and 

F e+ , e _ (d, tf ) = A e+ , e _ — e f£ + (3.25) 

where A e+ ^_ = 1 if there exists an edge e = (e+,e_) in the toric graph and zero 
otherwise, and a a is the projection along the axis \X\\ of the vertex a of the toric graph, 
defined in def. 2.3 (it is a linear combination of the £, ? s). Notice that if A e+jt _ = 1, we 
have f e+ = — f e _ , and thus 

F e+>t _{d,d') = F e _, e+ {d',d). (3.26) 

Sketch of a proof: 

Intuitively, this decomposition comes from the fact that, once a graph is fixed, the 
enumeration of corresponding fixed maps can be performed independently for each 
irreducible component of S. 

The functions H gtn . a ({ki, . . . , k n }) correspond to vertices, i.e. to constant maps 
f : Oi — > fixed point in X, and can thus be computed only with the knowledge of a 
vicinity of a fixed point of X, and in the vicinity of a fixed point, X can be replaced by 
C 3 , thus H g n . a ({ki, . . . , kn}) are related to the Gromov-Witten invariants of C 3 , i.e. 
to the topological vertex, and are computed by the Marino- Vafa formula [121 H2] as 



triple Hodge integrals, and result in eq. (3.20). 

For edges, we already mentioned that graphs in Q gjJl which are not images of fixed 
stable maps, should receive a vanishing weight, so in particular F e _ >e+ (d', d) must vanish 
if e± are not the two half-edges forming an edge of T%, and also it must vanish if d 7^ d', 

so it must be proportional to A e+t€ _ S^d'- The weight e h + is such that thanks 
to pUj ) 

_ d m^tVj 

II e H+ =e-*A (3.27) 

e=(/i+ ,h- ) 
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The factor Hedges e de/fe is a symmetry factor. 

All those factors are encoded by F e>e /(k,k') defined in eq. (3.25). □ 



3.3 Open Gromov-Witten invariants 

We wish to generalize this definition of Gromov-Witten invariants to the enumeration 
of open surfaces whose boundaries are mapped to Lagrangian sub- manifolds. For this 
purpose, we define: 

Definition 3.6 For f3 G H 2 (X, L,Z) (relative homology class of 2- chains in X whose 
boundaries lie on L) and w = (wi, . . . , w n ) with id, G H\{L, Z), and such that = 

i 

8(3, we define the moduli space 

~Mg )n (X, L, (3, w) — {(£, /)} (3.28) 

where £ is a (possibly nodal) connected oriented Riemann surface of genus g with n 
circle boundaries labeled d{E, . . . , <9 n £, and f : £ — >■ X is a holomorphic stable map, 
such that /(9jE) C L, and f is a stable map. Stability means that if E is a nodal 
surface, any sphere component with at most 2 nodal or marked points or boundaries 
cannot be collapsed to a point by f , and any torus component with no nodal point or 
boundary cannot be collapsed to a point by f . And /(E) G (3 and /(^E) G W{. Again, 
A4 gj n(3i, L, fl,w) is the set of equivalence classes of stable maps modulo isomorphisms. 
It is an orbifold, meaning that stable maps with symmetries are quotiented by their 
automorphism group. 



When n > 0, Katz and Liu [33] have constructed a virtual class and virtual cycle 
in M. g ^ n (3L, L, f3,w). Their method is based on the fact that L is the fixed locus of 
an antiholomorphic involution in X, and thus by "doubling" E (i.e. extending E to 
a larger closed Riemann surface by Schwarz principle across the boundaries), they 
embed M. g>n (X, L, (3, w) in a closed moduli space M. g ' >0 (X, (3'), where the virtual cycle 
and class are well known, and they take the restriction to the part invariant under 
the antiholomorphic involution. This allows them to show that there is a localization 
formula, which we use below. 

For our purpose here, we shall start directly from the localization formula of |12] . 



and which is the straightforward generalization of theorem 3.1 



Definition 3.7 For n > we define the open Gromov-Witten invariants as 

(— l) n 

Wg, n (X,L,t 

G<=g g , n ^ ^ > v 
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II ^ + (e).^_( e )(4+(e),4-(e)) 
closed edges e=(h_|_(e),/i_(e)) 

open half edges , j=l,...,n ^ e,l i 

(3.29) 

where we recall that e; is i/je half-edge of Tx on which L ends, f €i is its framing, and 

o 

zs i/ie position of the vertex of Tx adjacent to the half-edge e« on which L ends. 



The factors H g ^ rj (ki, . . . , k n ) and F e+)£ _(cf, d') are defined in eq. (3.20) and eq. (3.25). 
3.3.1 Heuristic origin of this definition 

One would like to define the Open Gromov-Witten invariants as formal power series 
(the formal parameters being Q = e _t and Xi = e~ Xi ) computing the integral of the 
fundamental class 1 over the virtual fundamental cycle of [M. giTl (X, L, (3, w)] vn : 

n „ 

W g , n (X,L,t;x 1 ,...,x n ) "=" V e-^ FTe ^ _ 1 

P, Wl ,...,w n i=l J[M g , n (X,L,M))™ 

(3.30) 



where f Ei is the framing of the half-edge of on which L ends (see def. 2.5). 

Since this virtual cycle is not so well understood, we prefer to attempt to define the 
Open Gromov-Witten invariants through the localization formula: 



- Xi 



W g , n (X,L,t;x 1 ,...,x n ) "=" E e-^e S f£ ' £ 

1 



(3.31) 



[3]vir e T (N£ r 



where .M 5i „(3£, L, (3, w) &xed is the fixed locus of the moduli space of stable maps under 
the torus action under study. In order to give a meaning to that definition, we need to 
describe the fixed locus in more details. 

3.3.2 Fixed maps 

The fixed locus A^^™ d (X, L, /3, uS) is well studied and well known (HJ [2j El]. Let us 
describe it briefly. It is just a generalization of the n = case studied in the preceding 



section 3.1.5 obtained by including maps from half-spheres components of X to fixed 



half-spheres T( CTje ) of X. 
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Figure 13: Example of a fixed map of a (nodal) curve £ of genus 5 and 3 boundaries 
into X. The image /(£) C X is made of fixed points in X, and of spheres and half 
spheres invariant under the torus action. All components of a topology with x < 
are necessarily collapsed to fixed points. Only components which are spheres with 1 
or 2 nodal points can be mapped to invariant curves. Nodal points are mapped to 
fixed points, and it may also happen that some smooth point gets mapped to a fixed 
point. The fixed map can be represented by a diagram whose vertices are labeled by 
(fixed points, genus of the component), and edges correspond to invariant curves. Each 
vertex carries 2 indices: the label of the fixed point and the genus of the component 
which was mapped to it. 



Let 5 = (£, /) e M g , n (X, L, /3, w) hxed be a fixed stable map. 

Since the boundaries of E have to be sent to L, this means that they must be sent 
to L fl 3£ fixed which is a circle of fixed radius, and 

7r(/(<9i£)) = point on the toric graph = L fl toric graph. (3.32) 

Also, we see that the image of any irreducible component of £ must be either a 
point or a sphere with 2 fixed points, or a half-sphere (a disc bounded by the circle 
Lnj£ fixed ) with 1-fixed point (this last case only if the component contains a boundary). 

In particular this implies that a component of £ containing a boundary is never 
collapsed to a point, and therefore it can be only a disc with only 1 nodal point and 
one boundary. Therefore, each boundary is on a disc component. 

Appart from those disc components, which are necessarily sent to the half-edge of 
the toric graph on which L ends, all the other components are mapped by / in the 



same way as described in section 3.1.5 



3.3.3 Fixed maps and graphs 



Using the sets of graphs defined in definition 3.4, the study of the fixed locus of the 



torus action allows to introduce the following morphism. 
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Definition 3.8 We define an injective orbifold morphism: 



Mg, n (X,L,P,w) 



fixed 



Geg g 



n 



M 



x J5^# half-edges(G) 



(3.33) 



i>=vertices(G) 

where each fixed map H = (E, /) is mapped to a graph G as follows: 

1) to each sphere component of E with 1 or 2 nodal points is associated a closed 
edge e of the graph, i.e. two half-edges. 

2) to each half-sphere component whose boundary is the circle diH, is associated the 
open half-edge hi with label i, and we have = the open half-edge ofT% on which the 
brane L ends, and the degree = Wi the degree of the map f : <9jE — > S 1 = L fl £ fixed . 



dh,. 



(3.34) 



3) to each connected component o/S ver tices = f^ 1 (fixed points), we associate a vertex 
v whose labels (g v ,n v ,a v ) are such that a v is the label of the fixed point to which that 
component is sent by f , g v is the genus of that component (if the component is an 
isolated point we set g v = 0), and n v is the number of adjacent spheres or half-spheres. 

5) the incidence relations between vertices and half-edges are obviously the incidence 
relations of components of E. 

6) to each half-edge h = (v,e) is associated the degree dh G N of the map f from 
the sphere of E corresponding to edge e to the sphere of j£ fixed at the nodal or possibly 
smooth point of that sphere sent to the vertex v. 

7) to each vertex v corresponding to a connected component o/E as described in 3), 
we associate the corresponding nodal Riemann surface in M. gv , nv . If {g v , n v) — (0,1) 
we define A^o.i" = "point, an d if (9v, n v) — (0,2) we define Aio^" = "point. 



From that definition, it is easy to see how the localization formula eq. (3.31) should 
give eq. (3.29) in def.3.7 The only difference between eq. (3.29) and eq. (3.19), is that 
we now have a factor counting the half-spheres. 



4 B-model side 

The B-model side is also a "counting" of embeddings of Riemann surfaces into a Calabi- 
Yau 3-fold X, but with a weight different from the Gromov-Witten side. Mirror sym- 
metry, and here more precisely the BKMP conjecture, claims that the "amplitudes" 
computed in the B-model with X =mirror of X equal the (open or closed) Gromov- 
Witten invariants of X of the A-model side. 

We refer the reader to the literature [M] for a precise definition of the B-model. Here 
we shall use the "remodeled" B-model (as named in [H3]), which defines the B-model 
amplitudes as some "topological recursion invariants" which we explain below. 
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4.1 Mirror 

Mirror symmetry assigns another Calabi-Yau manifold to X, namely: 

k = {w+w- =H{X,Y)} C C 2 x (C*) 2 (4.1) 

i.e. X is a 3-dimensional complex submanifold of C 2 x (C*) 2 , defined in coordinates 
(tw+,tw_) E C 2 and (X, Y) e (C*) 2 by the relationship: 

w + w„ = H(X,Y) (4.2) 

where H is the mirror curve defined in section 12.21 

It has the Calabi-Yau property, and posses a nowhere vanishing holomorphic 3-form 
defined by: 

„ dw+ AdX AdY dw- A dX A dY , A . 

n = = w .xy ■ (4 ' 3) 

Definition 4.1 TTie plane curve 

H{e~ x e- fy ,e' y ) =0 (4.4) 

zs ca//erf the framed "spectral curve" ofX, by abuse of notation, we shall also call it X. 
It is also often called the "mirror curve" ofX. 

It is the singular locus in X at which w + = or u>_ = 0. In general, the Calabi-Yau 
3-fold X is an hyperbolic bundle over (C*) 2 , whose fiber degenerates on the spectral 
curve. 

4.2 Spectral curves 

A spectral curve is in fact the data of a plane curve with some additional structure. 
Here for our purposes we shall define: 

Definition 4.2 (Spectral curve) A spectral curve S = (C,x,y, B), is the data of: 

• a Torelli marked Riemann surface C, with a symplectic basis of cycles Ai R Bj = 

• two analytical functions x : C — > C, y : C — > C, 

• a Bergman^kernel B : C xC — >■ T*(C) ®T*{C), i.e. a symmetric 2nd kind bilinear 
meromorphic differential, having a double pole on the diagonal and no other pole, and 
normalized (in any local coordinate z) as: 

dz\ <g) dz2 

B(zi,z 2 ) ~ t rrr + analytical , (4.5) 

22^21 (zi — z 2 y 

8 B is the fundamental 2nd kind form as in Mumford's Tata lectures series [5T]. We call it the 
Bergman kernel after the work of Korotkin and Kokotov |32], and also because Bergman together 
with Schiffer are the main contributors to its study [7] . 
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and Vz 2 eC, VI = 1,...,0, $ J B(^ 1 ,z 2 ) = 0. (4.6) 

Moreover, the spectral curve S is called regular if the meromorphic form dx has a 
finite number of zeroes on C, denoted {ati, ...,«(,} which are all simple zeroes, and dy 
doesn't vanish at the zeroes of dx. In other words, locally near a branchpoint oti, y 
behaves like a square root of x: 

y(z) ~ y(aii) + y'(ai) y/x(z) - a { + 0(x(z) - a { ) ,y'(ai)^0 (4.7) 

and where ai = x(a«) is the x-projection of the branchpoint a^: 

x(ai) = a,i. (4.8) 



From now on, all spectral curves considered shall be mirrors of toric CY 3folds: 



S = (C,x,y,B) 



(4.9) 



where: 



C is the Riemann surface described in section 2.2.2, and whose atlas of charts 



(obtained by gluing pairs of pants and cylinders) C = U a C a U( CT)0 -') C ajU i was described 
in section 2.3.3 , cf figj7j C is a compact Riemann surface of some genus $j equal to the 



number of loops of the toric graph Y^. Its Torelli marking is given in section 2.3.5 It 



is such that the ^.-cycles A ei wrap cylinders C ei corresponding to half edges of T^. 
• the analytical functions x and y are: 



x 



-InX 



y 



InY. 



(4.10) 



Because of the logarithm, they are not globally defined on C, they can be defined on 



C\T where T is the tree introduced in section 2.3.5 Notice that X : C — > C, z i-> X(z) 
(resp. Y) is a meromorphic function on C, its number of poles = its number of zeroes 
= the degree in Y (resp, in X) of the polynomial H(X,Y). 

This shows that x and y have logarithmic singularities, but their differentials dx = 
—dX/X and dy = —dY/Y are meromorphic forms on C, having only simple poles, and 
their residues are rational numbers (related to the degrees of X and Y at their poles or 
zeroes). The poles of dx and dy are the punctures, i.e. the zeroes or poles of X and/or 
of Y. 

• The BergmarP kernel B is the unique fundamental form of the 2nd kind on C 
(i.e. having a double pole on the diagonal and no other pole, see [25]), normalized on 



Ar-cycles defined in section 2.3.5 



V I 



l...,fl, VzieC, I B( Zl ,z 2 ) = 0. 

J z 2 eAj 



(4.11) 
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Notice that this implies that for any half-edge e of Tx, we have: 

V e = half - edge , Vzi eC, f B(z 1 ,z 2 ) = 0. (4.12) 

Alternatively, B can be obtained as the second logarithmic derivative of the prime 
form on C (cf [25]): 

B( Zl ,z 2 ) = d x <g> d 2 ]nE(zi,z 2 ). (4.13) 

B is also related to the "heat kernel" on C, or to the "Green function" on C, see [3T| 125] . 
Its "physical meaning" is that it gives the electric field measured at z 2 created by a 
unit dipole located at Z\ (the log of the prime form hi E(zi, z 2 ) would be the electric 
potential measured at z 2 created by a unit charge located at z\). 



4.3 Invariants of spectral curves and the BKMP conjecture 

To any spectral curve S is associated a set of "invariants" u g ^ n (S; z±, ... , z n ) first defined 
in [T9] . We emphasize that those invariants are defined for any spectral curve: the latter 
does not need to be related to the mirror of a CY manifold. 

For completeness, we recall the definition of invariants u; s>n («S) of a spectral curve 
S in appendix [AJ however we emphasize that it shall not be needed in this article. 
Instead we shall need only a few of their properties, and in particular the fact that 



they can be written in terms of graphs, in section 4.4 below, and can be written in 
terms of intersection numbers in the moduli space of curves M. g , n in theorem 4.2 below. 
For our purpose we just need: 

Definition 4.3 To a spectral curve S, we associate the family of its invariants uj g ^ n 
(g,n e N) : C n — > T*(C)® n , defined by the topological recursion of J7P) / (see full defini- 



tion in appendix A. 2) 



n times 



u 9yn {S- Zl , . . . , e T*(C) <g) • • • (8) T*(C) . (4.14) 

It is a symmetric multilinear meromorphic differential. If 2 — 2g — n < 0, it has 
poles only at Zi =branchpoints of the spectral curve (zeroes of dx), of order at most 
6g + 2n — 4, and have no residues. In particular, for n = 0, we denote F g = u gt0 : 

F g (S)=u gfi (S) e C. (4.15) 

As special cases, for the lowest values of g and n, we mention that: 

wo,i(«J>; z) = y(z) dx{z) , u) 0}2 (S; zi, z 2 ) = B(zi,z 2 ), (4.16) 
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^0,3(5; Zi, z 2 , z 3 ) 




B{z 1 z 1 ) B(z,z 2 ) B(z,z 3 ) 
dx(z) dy(z) 



(4.17) 



F = ooofl is the "prepotential" , and Fx = Ux,o is related to the log determinant of a 
Laplacian on C [34J, and for other values of (g, n) we refer to appendix |A| or to the 
literature [TP"] . 

Those invariants have many fascinating properties (modularity, integrability, special 
geometry) [19], EJJ , and can be expressed in terms of intersection numbers (T5J [16] . 

The invariants u 9tn (S; zx, ■ ■ ■ , z n ) depend on n points (zx, • • • , z n ) G C n . However, it 
is convenient to use X{ = x(zi) G C as a local complex coordinate on C, we thus write: 

Definition 4.4 For (g,n) G N 2 , 

W gtn (S;xx, ■ ■ ■ ,x n ) = u} 9t n(S; zx, . . . ,z n ) , Xi = x(zi) G C. (4.18) 

Remark 4.1 oo g ^ n is an analytical (meromorphic) function of each Z{ G C, but since the 
map Zi i y x{zi) might be non— invertible (it is not invertible at the branchpoints), the Wg t n 
are not analytical functions of their variables G C. They are typically multivalued, and 
they have branchcuts starting and ending at the branchpoints and at the punctures. 

In [lUIin], Bouchard, Klemm, Marino and Pasquetti (i.e. BKMP), conjectured that 
Gromov- Witten invariants of toric Calabi-Yau 3-folds coincide with the invariants of 
their mirror's spectral curve S = X. 

Conjecture 4.1 (BKMP conjecture 2006-2008 [331 [TO] ) If X is a tone Calabi- 
Yau 3-fold, we have 

\/(g, n) G N 2 , W S)n (X, L, t; x x , . . . , x n ) dx x ® ■ ■ ■ <8> dx n = W 9in (X; Xx,...,x n ) (4.19) 
where X is the framed mirror curve of X. 

This conjecture was checked by (H[ [TO] for many manifolds X to low genus, and it 
was proved to all genus only for the simplest case, namely X = C 3 (=framed topological 
vertex), independently by Chen [12] and Zhou [58] in 2009, by extending the existing 
proof for the Hurwitz numbers (which is the infinite framing limit of the BKMP con- 
jecture for the topological vertex, known as Bouchard-Marino conjecture pj], proved 



in [E1CE8]). 

We prove the general case below. 
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4.4 Invariants as graphs and intersection numbers 

We shall not need the explicit definition of the invariants W gtn , instead we give a 
combinatoric algorithm to compute them, following [TB] , we write the invariants as the 
following two theorems (valid for any spectral curves): 

Theorem 4.1 (E. 2011 |15| ) Let S a = (C a ,x,y, B a ) be a spectral curve with only 
one branchpoint located at x = a a . The invariants Wg jn (S a ) with 2 — 2g — n < 
(where one can also have n = 0), can be expressed as integrals of combinations of ip 
and Mumford's k classes in M. g . n o>s: 



23g-3+n / r ^ n \ n 

w 9in (s a] Xl ,...,x n )= s o{2g _ 2+n) e l v n r * n d ^ 

<ii+---+rfn<3g-3+n \ J M s,n i = \ J i=\ 



(4.20) 



where we have defined: 



e -^° = Ay'(a a ) = 2 lim V ^ V ^ (4.21) 

z ^ a ° \/x(z) - a a 



where y'(a a ) was defined in eq. (4-7); 



• the times t a ^, or more precisely their generating function g a {u) 

oo 

ga(u) =J2i«,kU- k (4.22) 
fc=i 

is defined by the Laplace transform of the 1-form ydx along a "steepest descent" path 
7 CT C C a such that x(^ a ) — x(a a ) = M + and a a G 7 CT (i.e. 7 CT is the horizontal trajectory 
of x going through the branchpoint a a ): 

e -U, e -^(«) = _ / e -ux ydx . ^ 4 23 ^ 
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• the coefficients B a ^,i, or more precisely their generating function B a (u,v) is de- 
fined by the double Laplace transform of B a along , -f IJ : 

B a (u, v) = f] B^iu k v- 1 = + ^f +V)a ° f e — q vx 1 B ( x>) (4 _ 24) 

tj^ u + v 2tt J m 

where the double integral is properly regularized so that the result has a large u, v ex- 
pansion, see J75]/; 

• the one forms d^ a ^{x) are defined by 

dUd(x) = - (2rf ~ 1)!! Res B a (x, x') {x' - a a y d ^ 2 ; 
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(4.25) 

• the tautological class As CT is a combination of = ip d and Mumford's k classes 
in M. g , n (see appendix^), defined as 

\ s = e T,k>i *<T,fe«fc e 5 T.seaMg, n 5-)fc,J B a;k,lh* T k n (4.26) 

/ 5 * is the natural inclusion of dM g , n into M g -i, n+2 U J2h+h'=g,m+m'=n ^h,m+i X 
•Mh',m'+l- 

proof: 

The proof is done in [15]. Let us just sketch the main steps. 

The prototype of a spectral curve with only one branchpoint is y = V^t^^ — a) fc//2 . 

fceN 

This is the spectral curve of Kontsevich's matrix Airy integral with times {tk} [37] , 
whose invariants u g ^ n are (almost by definition of Kontsevich's integral, see [TTJ, 137]). 
generating functions for intersection numbers of ip classes in M. g<n (see appendix |b|) . 
Finding a Kontsevich spectral curve (i.e. finding the Kontsevich times tk) which has 
the same Taylor expansion near the branchpoint as S a , allows to express the invariants 
of any spectral curve with one branchpoint in terms of intersection of classes in Ai g>n . 
Moreover, the result looks even better if we rewrite, using Arbarello and Cornalba's 
relations the combinations of ip classes in terms of Mumford k classes. All this was 



done in [15] and results into theorem 4.1 
□ 



Remark 4.2 Formula eq. (4.20) looks very similar to the ELSV formula, and indeed it 
reduces to the ELSV formula for the spectral curve (C,x(z) = z — Inz, y(z) = z,B{z\, z 2 ) = 
dz\®dz2j{z\ — Z2) 2 ) which appears in the study of simple Hurwitz numbers [HI EJ HHJ H5] . In 



that case the combination of k and ip classes in eq. (4.26) reduces to the Hodge class through 



Mumford's formula [52]. See |15| for the detailed proof. 

Once we know how to compute the invariants of spectral curves having only 1 
branch-point, the following theorem (proved in [TBj) gives invariants of spectral curves 
with an arbitrary number of branchpoints: 

Theorem 4.2 (corrolary of the theorem in [HI SI [53l M\ ) Let S = (C, x, y, B) 

be a spectral curve with branchpoints {a 1; . . . , a b }. For a = l,...,b, let S a = 
(C a ,x,y, B a ) be the local spectral curve near the branchpoint a a , with C a C C con- 
taining only the branchpoint a a , and x and y are the restrictions of x and y to C a , and 
B a a Bergman kerne^\ on C a . 

9 B a needs not be the restriction of B to C a , neither needs to be the normalized Bergman kernel 
on C a . For this theorem it just needs to be any symmetric bilinear differential having a normalized 
double pole on the diagonal. 
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When 2 — 2g — n < 0, and n > 0, the invariants of S can be computed in terms of 
graphs and invariants of local curves near branchpoints, as 

1 



n 



Res 



SAut(G) x h -+a~ (f 
Gg gstablo " v ' /i=half-edges v[h > 



In (E(S;x h+ ,x h _)) 



i)=verticcs 

n 

(h+,h—) =closed edges 
hi =open half —edges 



(4.27) 



where E(S; Xx,x 2 ) denotes the prime form associated to the Bergman kernel on S, i.e. 

d l <g> d 2 ln E{S; x u x 2 ) = B(S; x u x 2 ) (4.28) 
and dS(S; x%, x 2 ) is the Cauchy kernel associated to the Bergman kernel on S 

d\ \nE(S; x\, x 2 ) = dS(S; X\, x 2 ) = / B(S; x\, x' 2 ). (4.29) 

J xL=o 



And Gf^° lc is the same set of graphs as in Qf^ Xe defined in def.3.4, but without degree 
labels dh on half-edges. 



Remark 4.3 We insist on the fact that this theorem, as well as theorem 4.1 is valid also 
for n = 0. 

For example Wo,4- since ^2 v (2 — 2g v —n v ) = —2 and 2 — 2g v — n v < and ^2 v n v > 4, 
^stable con t ams graphs with at most 2 vertices. More precisely, (?o t f ble contains either 
graphs with one 4-valent vertex, or graphs with two 3-valent vertices: 

Wo ! 4(S;x 1 ,x 2 ,x 3 ,x 4 ) 

4 

ERes Wq^S^x'^x^x'^x'^) Y\dS(S\x i ,x' i ) 
x^ x^ x^ x^ y& *^ 

cr 1' 2' 3' 4 " i=l 

+ , R ? s , R ? s Wo^S^x'^x's) W , 3 (S a2 ; X 3 , X 4 , Xq) 



ax (J2 



i=l 



(In £(<S; x' 5 , x' 6 ) - 5 ffli „ 2 ln ; x' 5 , x' 6 )) JJ d£(«S; x h x-) 
+permutations of {xi, #2, xs, x±} 

Xy Xy X^ Xy 

, (0,4,2) 



W - (0,4,1) 
(0,4) - 





+ 



X 3 X 4 X 3 X 4 




x 5 x 6 

(0,3,1)* (0,3,2) 



(4.30) 
+ perm. (x f x,,x,x) 
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proof: 

This is a mere rewriting of [IS] , and it is a consequence of (531 [38] • The graphs are a 
way of encoding the order in which residues are computed, i.e. it is only a combinatorial 
way of summing over a the residues at the branchpoints a a . A detailed proof is written 
in (TBJ. We emphasize that this theorem applies to any spectral curve S, it doesn't 
need to be related to any Calabi-Yau mirror geometry. 

Also, we mention that this theorem can be seen as a formulation of Givental's 
relations [281 [29], although we shall not pursue in that direction. □ 

4.5 Geometry of the local spectral curve 



In prop |2.5[ we have defined an atlas for the curve C, in terms of pairs of pants C a and 
cylinders C a y, labeled by vertices and edges of the toric graph Tx- Each C a contains 
exactly one branchpoint a a . 

Since C a is topologically a pair of pants, it can be realized as the projective complex 
plane with 3 holes, and we can choose the 3 holes to be connected domains respectively 
containing z — 0, 1, oo, i.e. 

C CT C P 1 \ {0,1, oo}. (4.31) 

The functions X = e~ x and Y = e~ y are holomorphic functions on C a , and thus the 
functions x and y are holomorphic functions on C a \ T where the tree T was introduced 
in section I2.3.5L 

4.5.1 Large radius limit (tropica limit) 



o w 

Let ( a a , bg) be the vertices of the toric graph (see def. 2.3). C a was defined in section 

1 o ° 

2.3.3 so that x — a a and y — bo- have a non-trivial limit when all tj — > +oo, i.e. we 



define: 

o o 

Definition 4.5 The functions x a : C a — >• C and y a : C a — > C are the large radius limits 
of x and y in C fl C a : 

o o o o 

x CT = _lim x - a a , y a = lim y - ba- (4.32) 

tj— > + CO tj— >+oo 

A vertex a of the toric graph is a triangle a = (*i,*2>*3) of the dual T^. Since we 
are very close to a vertex of the toric graph, in the tropical limit only three of the Yj's 
don't tend to 0, i.e. the large radius limit of the mirror curve is: 

Y h + Y i2 + Y l3 = 0, (4.33) 
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or alternatively, only 3 monomials in H(X,Y) = = Ylij e tiJ X % Y^ survive in that 
limit H(X,Y) -^Ha (X*,Y*): 



O O O O O fd,a O Jb,a - O fc,& of a, a 

H -^H c , Ha (X, Y) = 1 + C a X Y +C a X Y . (4.34) 

The exponents (f Q)0 -, f& )CT , fc,a, fd,a) G ^ 4 are integers corresponding to the vertices of the 
dual toric graph around the vertex a. They form the local framing matrix at vertex a 
defined in defJ231 

f*=( f r f f b ' a ) , det U = 1. (4.35) 
The coefficients C a and C a are the limits of: 

hi C a — lim -f d>a a a + f b ,„y(a a ) + t Mda>j+hiT - Uj (4.36) 

tj — > + oo 

-lnC r ff = _lim f c>a a a - f a>CT y(a a ) + U+u^j-u^ ~ hi ( 4 - 37 ) 

tj — >+00 

where G Z 2 is any vertex of the dual graph adjacent to the vertex a. 



We can parametrize our curve eq. (4.34) by a complex variable z G C \ {0, 1, oo}, 
and here explicitly: 

Xa{z) = e-° x ° (z) = {-C a )- f ^ {-C a y^ z fb '° (1 - z)^ 

Ya {z) = e~^ (z) = {-C a )-^° {-C a )-fo' z^ (1 - z)^° (4.38) 

i.e. 

x*(z) = fa,a In {-Cg) + f bta In (-C a ) - f 6j(T In z - f Qi<7 In (1 - z) 

y a {z) = f C;a ln{-C a ) +U,*^{-C a ) -f d>a kiz -f c , CT ln(l-z) (4.39) 

taking the differentials gives: 

d°x a = - + 1?*-) dz , dy a = - ( ^ + -k?-) dz. (4.40) 

\ Z Z — 1 / \ Z 2 — 1/ 

o o 

Notice that cto^ and c?2/ CT are meromorphic forms on P having only simple poles at 
0, 1, oo, and the entries of f are the residues of those poles. 
We have realized C a as an open domain of P 1 \ {0, 1, oo}. 

O 

Notice that dx a vanishes at 

h° (4.41) 



fa,cr fb,a 

o o 

therefore the branchpoint is located at (by definition it was at x a — 0, y a — 0): 

= U,a In (-Co) + f b ,o In (-(%) - f b>a In — ^- f a>(T In fa f (4.42) 
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and similarly y a must vanish at the branchpoint. This determines the coefficients C a 
and C a . 

We thus define: 
Definition 4.6 Let 

f=(\] \\ ) e Sh(z) , faU-hU = i (4.43) 

o 

be a local framing matrix, then we define the "vertex 77 spectral curve Sf as: 

S f = (F 1 \{0,l,oo},x f ,y f ,B f ) (4.44) 

where 

x f (z) = -f b Inz -f a lii(l-z) + f b In ^ + f a ln^ 
i f (z) = -f d ln« -f c ln(l-z) +fdhi^ + fdn^ (4-45) 
Sf(^i, z 2 ) = ff^l where x x = z f (zi), x 2 = x f (z 2 )- 

This curve is the spectral curve of a toric Calabi-Yau whose toric graph has only 
one vertex, and thus it is X = C 3 , together with a framing matrix f. In other words, 
the large radius limit of the mirror curve near a vertex a, is the mirror curve of the 
toric Calabi-Yau 3-fold X = C 3 with framing f a . 

4.5.2 Local spectral curve at a vertex 

Now, we can consider the spectral curve on its whole without considering the large 
radius limit. We define 

Definition 4.7 Let S a be the spectral curve obtained by restriction of the full spectral 
curve S, to the vicinity C a of a a : 

S a = {C a ,x-a a ,y-ba,B a .) (4.46) 

where x,y are simply the restrictions to C a of x,y on C, and B a is the Bergman kernel 
of the Riemann sphere P 1 (remember t hat C n is a sphere with 3 holes, i.e. C a C P 1 ), 



i.e. it is the same Bf a introduced in def.4-6, shifted by a a — a a 



B(S a ;xi,x 2 ) = B a (x 1 ,x 2 ) = Bf a (xi - a a + a a ,x 2 - a a + a a ). (4.47) 

O 

By definition, the spectral curve S a has only one branchpoint, located at x = a a —a a . 



Its invariants are computed by theorem 4.1 , and can thus be written in terms of integrals 
of some classes in M. g>n . 
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4.6 Large radius limit: the topological vertex 



Almost by definition def 4.6 the large radius limit of the spectral curve S a is Sf a - 

Sf = (F\x f ,y f ,B f ) (4.48) 

where 



x f (z) = -f b \nz -f a ln(l-z) + f b In ^ +f a ln^ 
y f (z) = -f d In z - f c ln (1 - z) + f d In ^ + f e In ^ (4.49) 

urn dvd t* , — Q" 

{Z1~Z2) 2 

It has a unique branchpoint (dxJz) = 0) at 

h 



Bf(x u x 2 ) = £S where x i = ^(^0) x 2 = x f (z 2 ). 



fa + fb 



(4.50) 



Let us then apply theorem 4.1 to Sf (this was done in 
Theorem 4.3 ("Marino— Vafa formula") For 2 — 2g — n < 7 we have: 

o 

Wg^SfX!, ...,X n ) 

23g-3+n , a a n . n Z 

= J f0 (2-2g-n) 2 ( A Hodge(fa) A H odge(f&) A H odgc(-fa " f&) ^ JJ d£ f < 

R} i=l y ' i=l 

(4.51) 

w/iere 

e-%o = 2v ^ (4.52) 
VfaUU + W 

and where, ifx lies near the puncture o/P 1 \{0, 1, 00} (&.e. 2 = 0, 1 or 00 ) corresponding 
to the half-edge e, (whose framing is f e = f b , f a or —f a — f b respectively) : 

W*) = " kM = E ^ -TfCVfO e- *. (4.53) 

TTiits, z/xj /zes near the puncture corresponding to the half-edge e^, (whose framing 
is f e ): 

o 

Wg iTl (S f,Xl, ...,X n ) 



- , 2 _ ,„_„) Yl (^Hodgc(fa) AHodge(ffe) A H odgc(-fa ~ fb) JJ j k~ , j , 

n k ki 

i=l 

(4.54) 

where the sum carries over positive integers (ki, . . . , k n ) G Z™ . 
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proof: 

This theorem is a mere application of theorem 4.1 and is fully proved in [15], or 
alternatively, it can be seen as a consequence of the proof of BKMP for the framed 
vertex [T21 I58]. For completeness, we redo it in appendix|Ej as an application of theorem 
|4~T1 □ 



Remark 4.4 One can recognize that the right hand side of eq. (4.51) is the Marino- Vafa 
formula for the topological vertex |45l I4l3] 142] . i.e. the Gromov-Witten invariants of X = C 3 



with framing matrix f, and thus, theorem 4.3 (proved in |15| ) can be viewed as another proof 
of the BKMP conjecture for the topological vertex 3t = C 3 with framing matrix f . The first 
proof of the BKMP conjecture for X = C 3 , are those of Chen |12j and Zhou [58] . 

4.7 Invariants of the local spectral curve 

o 

We know that in the tropical limit when all tj — > +oo, we have S a — > <Sf CT , and we have 

o 

expressed the invariants of Sf a in terms of Hodge classes integrals in A4 9:n . Moreover, it 
is shown in [19], that the invariants u gtn of any spectral curve satisfy "special geometry 
relations" (similar to Seiberg-Witten for wo,o), which allows to compute the derivatives 
d/dtj, and thus allow to compute the Taylor expansion of the invariants in a vicinity 
of the tropical limit. This gives the following lemma: 

Lemma 4.1 If 2 — 2g — n < and n > 0, 

1 X\ ) ■ ■ ■ ) Xfl ) 

CO 1 



23f)-3+n x ■ k 



e *f CT ,o(2-2<7-n) ^ k\ 

k=0 d-i,...,d n+k i=l 



<r,cL 



n+k 



AHodge(fa, ( r) A H odge(ffc, ( 7) A Ho dge(-fa,a- - fb,a) T dj ) II ^UA] 

i= l I g,n+k i= l 

23g-3+rt n Z 

i fa:0 (2-2g-n) Yl II 



e - 

d\,...,d n j=l 



A H odge(fa,a) A Ho dge(M A Ho dge(-fa, CT ~ fb,a) e' 1 * Ed R °' dTd JJ T d 



3 

3=1 



y.v 



o o 



(4.55) 

where 

Ra,d = ~^ e . fCT '° / i fa>d (a;) (y{x + °a a ) - b a - % (x)) dx, (4.56) 

where dC a is the boundary of C a , i.e. the union of three circles, oriented so that C a 
lies on the left of dC a . In the second equality, denotes the natural inclusion of 
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■M. g ,n C Ai g , n +i ,so that Q ll *^d c °,dip d ^ j us f a s /j 0r £ hand notation for the formula 
above. 

And similarly for (g, n) = (0, 2): 



k+2 



(4.57) 

and /or (g, n) = (0, 1): 

o ° 

W ,i(S a ; xx) = (y(x 1 + a a ) - b a ) dxi 

1 

= yf a (x 1 )dx 1 1 



w o o 

B a {xi,x 2 ) = Bf„{xi - a CT + a CT ,a;2 - + a CT ) 
Bf a (x 1 ,x 2 ) + gZ^^j ^f CT ,rfi( x i)^f CT ,d 2 ( x 2)H^,, 

fe=l ' di,...,<f fe+2 i=3 

AHodgc(fa,cr) AHodgc(fb,o-) AHodgc( — fa,cr — f&,cr) ]^[ T (i, 

■? =1 ' 0-/.-+2 



2tu 



fc+i 



k\ 

k=2 di,...,d, 



k+l 



1=2 



k+l 



AHodge(fa,o-) ^Hodge (f&,<r) ^-Hodgcl - fa, a- ~ fb,a) 7"di ) (4.58) 

■?= 2 ' 0,fc+l 

proof: 

Since the proof is quite technical and long, we do it in appendix [Fj 
Let us just mention that it is proved using the "special geometry" property of the 
topological recursion. This property says that the derivative of W g . n with respect to a 
parameter t on which the spectral curve depends, is the integral of Wg >n +i on the dual 
cycle of dydx/dt. The dual cycle t* is a cycle such that: 

d 



dt 



y(x)dx 



B(x, x'). 



(4.59) 



The special geometry property of the topological recursion is that: 
Theorem 4.4 (Special geometry, proved in [19|) For any spectral curve we have: 



d_ 

dt 



W g:n (S;x 1} . . . ,x n ) = / Wg tn+1 (S;x 1 ,...,x n ,x'). 

Jx'et* 



(4.60) 



The proof of lemma |4.1| uses that property to show that both sides of lemma |4.1 
satisfy the same differential equations with respect to the variables tj's. Moreover 
thanks to the large radius limit (tropical limit), the two sides obviously coincide when 
all tj = +00, which concludes the proof. 

□ 

o 

As a corollary of lemma 4.1 as well as the expression of £(x) eq. (4.53), we get: 
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Corollary 4.1 Let a be a vertex ofT%, and assume that Xj, j — 1, . . . , n are such that 
Xj belongs to a cylinder C tj where €j is an half-edge of adjacent to a, we have for 
2 - 2g - n < 0: 

W g>n (S a 

i "^l j • • • > ^nj 

= et - fg , (2-2 g -n) £ (AHodgc(fa, CT )AHodgc(fb, CT )AHodge(-fa, CT -f fe , CT )e' 1 *^^^ 



wfTf) n 

(4.61) 

and similarly, 

° o o 

W / o,2(5 (J ;xi,X2) = ^(xi,^) = B^[x x + a CT - a CT ,a;2 + a CT - a a 

o 1 °° 1 

= flf„(si,*a) + 2 £ Ejfci 

fci,/C2 fe=l 

AHodge(fa,o-) Anodge (f&.tr) A.Hodge( — fa.cr ~ fb,cr) 



i i-f 1 ^ /o ' fc+2 



2 , _ kj 



(4.62) 



and 



o ° 

Wo,i(S ff ;a:i) = (y(x 1 + a a ) - b a ) dxi 

2 f o e ~*w' ^ 1 

^ x e " L<T fci fc=2 



(4.63) 



AHodgc(fa,cr) AHodge(fb,ff) Anodge( — fa,a ~ fb,a) 

Y 7 i-^^i /o - fc+1 (f^) 2 



4.8 Invariants of the mirror curve as graphs 

This allows to rewrite theorem 14.21 as: 
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Corollary 4.2 

W S)n («S;zi, . . . ,x n ) 

\ ^ 1 TT 93g„-3+n„ p i av>i) (2g v -2+n v ) 

/ j #Aut(G) 1 l«=vertices ^ c 

(/m^ AHodgc(fa,<xJAHodgc(ffe,aJAHodgc(-fa,^ ~ fb^Je' 1 ' ^^." T - UheE v T d h ) 

13 ^ (T v(h + )4h + ;^v(h_),dh_ 

(/i+,ft_)=closed edges 

n ~ 

II 2^ &^„ (h ^„ (h ,).^ ^ - ° a ^J B & x 'r x i) 

3=1, hj=open half —edges J 

(4.64) 

where the sum is only over stable graphs ( every vertex v is such that 2 — 2g v — n v <0), 
and where 

E„h.„>h> -^—^f f h,d( x -a<r) (b(S;x,x') 

1Xl ) JxddCa Jx'£dC„, V 



(4.65) 



(2m) 

-5 a ^B(S a ;x - a a ,x' - a a )J l a , 4 ,(x' - a a ,). 



If Xj lies on a cylinder C e . where ej is any half-edge (not necessarily corresponding to 
the non-compact half-edge of where the special Lagrangian brane L is ending), we 
have the expansion 

k=l 1e i y ' e ^ 

o 

Using this expansion of £, we easily arrive at: 

Theorem 4.5 If Xj G C tj where €j is an half edge ofT x (not necessarily corresponding 
to a non-compact edge, neither the one on which the brane L ends), we have, for 
(g,n)e N 2 \{(0,0),(1,0)} ; 



W g)Tl («S;zi, ._. . ,x n ) 

4lJ^ u l(Q) n ^-9v,n v ,a v ({dh/fe h }hGE v ) 



Gggstabio v ' u=vertices 

n 

Y\ ^h + ,d h+ ;t h _,d h _ Y\ dJ eh .,d h .{Xj) 

e=(/i + ,/i_)=closed edges j=l, /ij =open half —edges 

(4.67) 

where the sum is only over stable graphs ( every vertex v is such that 2 — 2g v — n v <0), 
and where 

Ug,n,a(h, ■ ■ ■ ,k n ) = _£ CT ( 2 g-2+n) /— ^od S e(fa,a)^Kod S e(fb,a)^Hod S e(-fa,a ~ fb,a) 

^ CT ' J Adg^n 
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Figure 14: The curve C is a union of cylinders C a<(T i corresponding to edges of the toric 
graph Tx and of pairs of pants C a corresponding to vertices of Tx- Its Bergman kernel 
can be obtained as a combination of the Bergman kernels of each pieces. Notice that 
the framing of the edge a, a' is f a y = -j a ',a = fb,a> = ~fb,a = A 2 - 0h- 



-^ )Me ')B(S a{e) - x - a CT(e) , x' - a CT(e) )) e~^ ( *'- a ^')) (4.69) 



and 



dJ eA (x) = - — e fl*' 5(5; a;' + a^x). (4.70) 

'x'ea e c CT(f) 



f e 2vri 



4.9 Weight of edges 



In the graph sum, the weight of edges is given by formula eq. (4.69), it involves the 
double Fourrier transform of the Bergman kernel. 

4.9.1 More geometry: the Bergman kernel 

Recall that the curve C is a union of cylinders C a a i and of pairs of pants C a , cf figjT] 



and fig 14 



The following lemma allows to express the Bergman kernel of the full curve C in 
terms of Bergman kernels of its pieces C a and C a ^i. Recall that we write (for any curve 
S) that the Bergman kernel is the double derivative of the log of the prime form E: 

B(S;xi,x 2 ) = d Xl ® d X2 \nE(S;x 1 ,x 2 ). (4-71) 

We have: 
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Figure 15: Lemma 4.2 shows that the Bergman kernel of the full curve C, can be 
constructed by combining Bergman kernels of the pairs of pants C a and Bergman 
kernels of cylinders C a y. In some sense B total = B pant + £ pant .Bcyimdcr B total . 



Lemma 4.2 Let a, a' be two vertices. Let x G C a and x' G C a i , then we have 



In E(S; a a + x, a a > + x') — 8 a y In E(S a ; x, x') 
<& (h In E(S a ; x,xi) x 



(2m) 2 



1 



xB(Scry,xi,X2 + aa' - <v) lnE(S a >]x 2 ,x') 
In E(S a ; x, xi) B(S aiai ;xi,x 2 + 



o o 

cl - 1 a c 



(4.72) 
where 



(\\iE(S]°a (J1 + x 2 ,d a , + x') - 5 aua > lnE(S a r,x 2 ,x')\ 



-B(<!w; xi, x 2 ) = A a ^< 



(fa,a> 



_ gl _ ^2 



_ ^1 _ 3=2 



dxi ® dx 2 (4.73) 



is the Bergman kernel on the cylinder C a y, A ajCr i is the adjacency matrix of the toric 
graph, i.e. A a y = 1 if a and a' are neighbors and otherwise, and f a y is the framing 



of the edge (a, a') as defined in def 2.5 



This lemma is illustrated in fig. [15 
proof: 

This lemma is proved in appendix [C] The proof is only complex analysis on C, it 
consists in writing Cauchy residue formula and moving the integration contours. □ 



4.9.2 Renormalizing edges 



Now, it remains to compute the weights eq. (4.69) attached to edges of the graph 



decomposition of Wg ;n (S) through corollary 4.2, i.e. the integrals 



fefe' (27Ti) 2 J x( z dc c a{i) Jx'&d, 



.1, 

u x 



l a(e')/ 



5?s 



-Sa(e),a{e>)B(S a{e y, X,x))e f e' 

(4.74) 



From lemma 4.2 above, we prove that: 



Proposition 4.1 The edge weight F e> d-e',d' satisfies: 

Fe,d;ei,d> = Fe,d;e' ,d> + ^e.rfjei.di ^0,2,<j(ei) (^l/fei ! ^2/fe 2 ) ^e 2 ,d 2 ;e',d' (4-75) 

w/iere 

•F^,* = | e"£ ^(0- a -w) A e , e , ^ (4.76) 

) e 

and 

#0,2,a(fc;fc') = U^k-k') 
1 °° 1 

+ 2 ^Hodge(fo,o-) ^Hodge(ffe,o-) AHodgc( — fa,<r — fb,cr) 



n=l 



and 

Uo,2,a(k; k') = j-^ l U {k)lU k ')- ( 4 - 78 ) 
This lemma means that: 

jf = jr + .FH 2 jr + JFU q , 2 FU q>2 jF + TU^TU^TU^F + ... (4. 79) 

which is illustrated as: 



i.e. %q,2,<j can be viewed as the (0, 2) vertex, and T as an edge weight, 
proof: 



From lemma 4J2 in appendix [Cj we see that we first have to compute: 

, f f 1 f I i I - — 

f e f e / (2tt*) 4 A ie a CT(e/)C(T(E) Jxzd t c a(e) Jx2zd a{t) c a(tl) JVe£> e ,e CT(e0 U U 

r(e') 



\nE(S a(e ,y,x 2 ,x')e i' x> (4.80) 



which is non-vanishing only if a(e) and cr(e') are adjacent vertices in Y^. 

Moreover, if e (resp. e') is not the half-edge linking cr(e) to cr(e') (resp. cr(e') to 
<j(e)), we may push the integration contour for x (resp. x') towards the puncture of 
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C a (A (resp. C a u')) in the direction of the half-edge e (resp. e') without meeting any 
singularity, and thus the result vanishes. J-' e ,d;e',d' is thus proportional to the adjacency 
matrix A e ^i which is 1 if the half-edges e and e' form an edge of T^, and otherwise: 

Fe,d;e>,d> = i ( A ^' ., 4 / / / / d - d - dx dx 

Jeje'^m) J Xl <z dt c <e) Jx£d t C a(t) Jx2&d c ,C a(e/) J x'Ed e ,C a{el) H U' 

e~^ x \nE(S a ( e y,x,x 1 ) B(S^ e ) ja ^)y,x 1 ,x 2 + a a , - a a ) 

\nE(S (7ie ,y,x 2 ,x')e~^ x '. (4.81) 

So, from now on, we assume that (e, e') is the edge linking cr(e) to cr(e'). 



X X, 



We can push the integration contour of x through that of x\ and send it to the 
puncture of C a ^ where it vanishes, we only pick a residue at x — x±, and similarly for 
x' and x 2 , and we get: 



J~ e,d:e'd' ~ 



U fe' (27ri) 2 J xiede c aie) Jx2ed e ,c„ (ef) 

_d_ _ O O — X2 

e u 1 B(S( € ^y,xi,x 2 + a a > - a a ) e ^' . 



(4.82) 



Similarly, on the cylinder C( e ,e')> we can push the integration contour of X\ through 
that of x 2 and send it to the puncture where it vanishes, we only pick a residue at 

o o 

x\ = x 2 + a G , — a a , and we get: 



o o 



= t t4^t-. i e -v- dx 2 . 



(4.83) 



Then, notice that if A e>e i ^ 0, this means that (e, e') is an edge of the toric graph and 
thus f e ' = — f e . Consider the variable z = e~ X2 ^ e = e 1 ' 2 ^', we thus have 

A,d;6',d' = -73- e fe 7T~ e ff " X 2 
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jf ' z^O Z 

*-£(K^) A 5 (4. 84) 
ft 



Then, using lemma 4.2, we have: 



Fe,d;e' ,d> ~ Fe4;e' ,d' 

= <X> <& ® (f) — — dx dx' 

e~u x lnE(S a ^yx,x 1 )B(S^ e ) iCTl y,x 1 ,x 2 + a ai - a CT(e) ) 

/ o o \ d ' %' 

( In a CTl + x 2 , a^) + x) - 5 ai ,a(e>) In E(S c ^y x 2 , x ) J e ^' 

(4.85) 

where the sum vanishes if <J\ is not a neighbor of cr(e). 

Again, if e is not the half-edge linking cr(e) to <xi, we can push the integration 
contour of x towards the puncture of C a ( e ) without meeting any singularity and the 
result vanishes. In other words, o\ has to be chosen as the vertex on the other side of 
the half-edge e. 

We can then push the integration contour of x through that of X\ and send it to 
the puncture of C a ( e ) where it vanishes, we only pick a residue at x — X\ 



J~e,d;e',d' ~ ^e,d;e',d' 

Iff f d' 



dx 



f e jy(27rz) 3 J Xiede c^ e) Jx 2 ad a(t) c ai Jx'edjC^ f 
e~u Xl B(S( a ( e ) !ai y,x 1 ,x 2 + a (ri - a CT(e) ) 

(ln£(S;a CTl + x 2 , a^e') + x) - 8^^) \nE{S a ^y x 2 , #')) e ^' 
(4.86) 

then we can push the integration contour of x\ through that of x 2 and send it to the 

O O 

puncture where it vanishes, we only pick a residue at X\ = x 2 + a cri — a a r e \ 

J 7 E,d;<E',(2' — J~i E,d;e',d' 

1 —I I - *L dx 2 dx' e~i te+^i-^w) 

f e f e /(27ri) 2 J X2e a a{e) c ai Jx'ed^c^ U U 1 



(4.87) 



/ o o \ d x' 

\^\nE(S;a ai + x 2 ,a a{e/) + x') - 5 ai)C7 ^ ) \nE{S^ t ,yx 2 ,x l )\ e ^' 

f fl-v / / ^dx 2 dx'e^ X2 

eiidl ' e ' \ Zm ) Jx 2 ed n c^ l) Jx'ed e ,c a(el) U> 

fln£(5;^( £1 ) +x 2 ,a a(el) + x') - S a ^ l)ja ^ \nE(S a ( e >y x 2 , x')j e V 
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where we have used that J r e ,d;e 1 ,d 1 is non- vanishing only if e\ is the half edge linking a\ 
to cr(e), and thus f ei = — f e . One would be tempted to identify this last integral with 
J- e i-dr,e',d'i but it is not possible because of the wrong sign of di in the exponential. 
Instead, we insert another integral: 



J~€,d;e',d' ~ 3~€,d;e',d 



> ,v 



F e d-ei di , . h 1 — ttt / / Res — dx' 

d l x / o o 

e fE i 5( l S CT ( ei );x 2 ,x 3 )( In £(<S; a CT(ei) + x 3 ,a (T(e , ) + x ) 
-5 CT ( ei ) )0 -( e ') In E(S a { e >)\ x 3 ,x))e ^' 



(4.88) 

and we deform the integration contour of £3 (i.e. a small circle around X2) into a pair 
of circles around the cylinder, one on each side of the integration contour of x-i- 



a, 



(0,0) 



a 



Then, we push the x 3 circle which is inside C ai through the pair of pants, and thus 
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Eventually we have 

J~e,d;e',d' ~ ^e,d;e' ,d' 



(4.89) 



"E W EjA^s / / / f dx ' 

eijdl e » ^ ^ ^ > / ^3e9 £ »c <T(ei) Jx 2 ed ei c a(n) Jx'ed^c^ W 

d\ / o o 

e fe i X2 B(S a ( ei y,x 2 ,x 3 )(\nE(S;a a ( ei > l +x 3 ,a a{e r } + x') 

-$a{e-L),<T{e!) in E(S Br ( € >) J X 3 , x')J e 



where means the sum over the 3 boundaries of C ai , and where x 2 is integrated in 
the interior of C ai . 

Then, notice that the following integral (whose integration contour leaves 23 near 
one of the punctures): 



ef'i B(S <ei y,x 2 ,x 3 ) (4.90) 
x 2 ea E1 c <T ( ei ) 
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is an analytic function of e X3 /^" when X3 approaches the puncture e". Therefore we 
may expand it as: 



— X2 



, , r r efei B(S a(ei) ;x 2 ,x 3 ) 

°° d" A" 

~ y)^o,2,a( ei )(di/f ei ;d"/f e ")e f -"* 8 — dz 3 , (4.91) 

d"=0 ' 

whose coefficients T-Lo^a (d/j e ) d'/fe') can be determined by computing a residue at the 
puncture e', i.e. a contour integral around d e >C a : 



fefe< 1 



d ' x' 



xedeCcr Jx'ed c ,e, 



According to corollary 4.1, we have 



1 00 1 

+ ^ ^ ^Hodgo(fa,cr) Anodge (fb,a) AHodgc( — fa,a ~ fb 



n=l 



where 



%>*,{dlU*IU) = j4 7^x- 2 f f ^ X B U M ^ X> ( 4 - 94 ) 
can be computed explicitely: 

Ho,2,a(k;k') = jfMlfAk') (4.95) 



and can be included into the sum by formally writing: 

1 

kip 1 — k! 



1 1 \ „ „ 2 

A H odge(fa, CT )AHodge(ffe, CT )AHodge(-fa, CT -fb, ( 7) J _ fc , J _ fc/ ^, / " =" ^^J" ( 496 ) 



Finally we have: 

^t,d;t',d' = J~e,d;e',d> + /J / ] -^e.^ei.di %),2,<7(ei)( e l) ^1 j e 2, ^2) •^e 2 ,d 2 ;e' ',<2' (4.97) 
ei,di £2,^2 

which proves the proposition. □ 
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4.9.3 External legs 

Then, we need to compute the weight of external legs given by eq. (4.70): 



Proposition 4.2 If x E C €i is on an open edge, we have 



dJ e ,d{x) = dJ e>d (x) + ^ Fe4;e',d'iio,2,*(e>){ d '/fe>;d"/f e >,) dj £ , />d "(x) (4.98) 

e',d',e",d" 



where 



proof: 



d 



dJ € , d (x) = 5 £>£i e-u^- a ^ -dx. 

fe 



(4.99) 



Assume that x G C ei . We have from eq. (4.70) 

1 



dJ e Ax) 



f e 2ni 



e-f^'-V*)) B(S;x', 



x 



(4.100) 



a(e) 



Let e' be the other side of the edge of e (i.e. such that A e>e i = 1, and then we have 
f e > = — f e ). Let us move the integration contour to the other end of the cylinder, by 
doing so, we may pick a residue at x — x' in the case where x' lies on the cylinder. We 
thus have 



dJ,d(x) 



5 -£(„-S, w ) 

fe 



. , B(S;x',x). 
(4.101) 

Since we have the wrong sign for the exponential, we insert another integral like in 



(4.88): 



dJ f .d(x) 



s e"^w) | dx 

fe 



EFe,d;e>,d' -J7 ^~ / Res 
e'd' Jx e <V c <r( £ ') 



e + C & M«0> dsfaw, x' - °a a(e , h x" - °a a{£/) )B(S; x", x) 
d 



5 €>t „e-TS*- a <*)) ^ dx 

+ ^e,d;e',d' 



d' {2m) 2 



+ IM Ve')) d S(S a{t , hX ' -°a a{e , h x" -°a aiel) )B(S;x",x). 



(4.102) 
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Then we use 

- jlf- <f dS(S a{£l) ;x',x") = -J2 no,2,* { e>)(d'/fe>;d"/f e „) e'^ x ". 

Jx'ed^c^,) d , l=0 

(4.103) 

That gives 

dl, d {x) = 5 e , ei e-^ x -° a °^ ± dx 

_ IE 

- ^2 Fe,d;e' ,d' H 0! 2 t a(e')(d' /fe'] d"/f e ") dj e ii <d ,,{x). 
e',d',e",d" 

(4.104) 

□ 

In other words, we may replace the edge weight T by J 7 , by introducing a 2-valent 
vertex "Ho,2- 

We thus have: 

Theorem 4.6 If Xj G C tj where tj is an half edge ofT x (not necessarily corresponding 
to a non-compact edge, neither necessarily the one on which the brane L ends), for 
(g,n) E N 2 \{(0,0),(1,0)}, we have 

W g , n (S;x u ...,x n ) 

939-3+n 1 TT Jtgv ,n v ,a v ({dh/fe h }h£E v ) 

^ #Aut(G) J-l rr t 

g g g S table+(0,2) " v ' i>=vertices i-i.he& v 't h 



(4.105) 



e=(/i+,/i_)=closed edges j=l ■> 



where the sum is over stable graphs with possibly (0, 2) vertices ( every vertex v is such 
that 2 — 2g v — n v < 1), with 

iig,n,a{kl, ■ ■ ■ , k n ) = e*"' ^ 9 2+ ") / AHodgc(fa,o-)AHodgc(ffe,cr)AHodgc(— fa,a ~ fb,<r) 

•> Mg,n 



l £,,/>„, ,,r,, TT 7fa(h) (4.106) 



i=l 



Ho,2,a(kl, k,2) — 'Ho,2,a(kl,k2) 

00 1 f 

AHodge(fa, ( j)AHodge(ffe, -)AHodge(— fa,a ~ fb,a) 

k=1 K - JM , k +2 
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. o o 



and 

Fe,d;e>,d> = d fT* {K '~^ ^ 5 d , d , (4.108) 

proof: 

The sum over all (0,2) vertices can be performed due to 

which is illustrated as: 

_ + # + -# # 



and it exactly reproduces the left hand side. This is a usual trick used in combinatorics 
of graphs. □ 

4.9.4 Renormalized disc amplitude R ajd 
Proposition 4.3 The vertex weights can be renormalized by 

Hg,n,a{dl) • • • i ^n) 

Hg,n,<r(di, . . . , d n ) 

oo n+k 

+ Y Y Wg, n +kAdu ■ ■ ■ ,d n +k) Y\. FtA-tiAfiv^di) 

k=l e n+ i,...,e n+k d n+ i,...,d n +k i=n+l 

(4.109) 
and 

c a {d) = u 0X M 

OO j fe+1 

+ Yhi Yl Y Ko,k+iA d i, d 2,---,d k +i) n^*;^*^^ ) 



where 



k\ 

k=l £2,-. £ i+l <fa, — ,dk+l i=2 



n o,iAk) = -rrr 7f.(*) (4.111) 



Ah 2 

and, for 2 — 2g — n < 0: 

23p-3+n , 

'Hg,n,a(kl, ■ ■ ■ , K) = ^Z^Z^j|^ \ A Hodgc(fa,a) A Ho dgc (fb,a) AHodgc(-fa l( 7 - fb,a) 

f] ^ ) . (4.112) 

f \ l-k^i /g,n 1 > 
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proof: 



From lemma 4.1 we have 
-2e*f*.° 

Ra4 = 



2rri 



dc a 



£ fa>d (x) (y(x + a a ) -ba~ V fa (ar)) dx. (4.113) 



We first decompose dC a into its 3 circles U e d e C a , and on each d e C a we use the expansion 

o 

(E.15) for ^ CT)d (a;). This implies 

t 'ip n a4 = ze -w- ^ ^ 



(4.114) 



where 

A(*/fO 



1 



<9eCo-(e) 



When k = 0, we have to compute 



ft (y(x) - L (e) - i f(rW (a: - o ff(e) )) dx. (4.115) 



* (y(x 



) - 6<t(6) - 2/f CT(£) (ar - a ff(e) )) rfx = 



(4.116) 



which vanishes (order by order in the Q expansion) due to (F.7). So, let us assume 
k 7^ and integrate by parts: 



Re(k/fe) 



1 1 

k 27ri 



£<"^M> (^(x)-dy fffW (x-a ff(e) )). (4.117) 



Using the parametrization of def. 4.6 one can compute explicitely 



Jd.i 



e u x dV f (x) =0 



<r(e) 



and thus 



i2e(Vf«) 



1 1 



(4.118) 



(4.119) 



9eC CT (e) 



Then, let us move the integration contour through the cylinder C e . Let us call e' the 
other half-edge of the cylinder (i.e. A e>e i = 1, and in that case f e i = — f e ): 



R e (k/f e ) 



1 1 

k 2m 



A e ,e> e" ft / e + ^ ^"Vo) dy ( x ) ( 4 . 120 ) 



which we can write 



Re(k/f e )= J2 F ^e',k'C el {k'/U 



(4.121) 
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with 

Ce(k/fe) 



1JL 

k 2 27ii 

/c 2 27T2 



1JL 

/c 2 27ri 



(4.122) 

where we have introduced $(x) such that 

O o o 

= (y(x) - ba - VfA x - a °)) dx. 
Then, let us use eq. ( |4.63[ ) of corollary 4.1 

d$(x) = 



e + *'*dV Ut) {x) 



(4.123) 



B u (x,x')^(x') — ^ 2^ 



4 ' ' n! 

fei n=2 



^■Hodge(fa,o-) AHodge(f&,cr) A.Hodge( — fa,<r — ffe.cr 



(4.124) 
We thus get that: 

Ce(k/f e ) = 



l-|Vl /o.rH-1 (fe) 2 



h - *l x , 
e h ax. 



U i 



xe9 e c CT(E) Jx'edc 



e + f e x 5 f(r (x,x')$(y) 



fc (2vn) 2 

/ — j"( AHodge(fa,cr) AHodge(fb,(x) AHodgc( — fa,<r _ fb.er) 



4 ' n! 

n=2 

n 



(4.125) 



IfAk/fe) 



1 — ^Ipl I 0,n+l 



For 2 — 2g — n < we define: 

23g— 3+n 



e (2-2g-n)t fer , 



i=i 



AHodgc(fa,o-) A.Hodge(f&,(r) AHodge( — fa, a- ~ fb,a) 

(4.126) 



i i g,n 



and 

n ,2,a( k /fe,k'/fe 

and 



kk' (2m) 



x£d t C a{e) Jx'edC 



e + ^ x B u {x,x')q^ (4.127) 



Ho,iAk) 



'(<0 

Ak 2 
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7f CT (fc). 



(4.128) 



This amounts to write virtually: 

, < i f, i - 

■ip /o,i k 2 



AHodge(fa,o-) ^Hodge (fb,a) AHodgc( - fa,a ~ fb,a) ^ _ ^ , ^ " — (4.129) 



This gives that 

oo 1 

c a {k/u) = n ,iAk/ie) + J2ri E E 

n=l ' e<,i=l,...,n dj,i=l,...,n 
n 



i=l 

(4.130) 



□ 

4.10 Finishing the proof 



So far we had from theorem 4.5 that, if Xj G C ej where ej is an half edge of (not 
necessarily corresponding to a non-compact edge, neither necessarily the one on which 
the brane L ends), we have 

Wg t „{S;x 1 , .^.,x n ) 

= u \,-,f(n) XT ^-9v,n v ,a v ({dh/fe h }heE v ) 

QpHstablc " ^ ' i>=vcrtices 

n 

W •Fe h+ ,d h+ ;e h _,d h _ Y\ ^e hj ,d hj { x j) 

e=(/i+ ,h_)=closed edges J=l, hj=open half —edges 

(4.131) 

where the quantities % g , n ,a and ^F e ,d;e',d' are directly computed from the spectral curve, 
and where the sum is only over stable graphs (every vertex v is such that 2 — 2g v — n v < 
0). 

However, we have just found that we have for (g, n) ^ (0, 1): 

Hg,n,cr{kl/feu ■ ■ ■ > ^n/fe„) 

— 'Hg,n,a{kl/fe 1 ,---,k n /f en ) 
x 

m=l e^, i=n+l,...,n+m d^, j=n+l,...,n+m 

n+m 

Hg,n+m,(r(kl/ei, ■ ■ ■ , k n+m /e n+m ) j [ -^ei,*;^,^ C<x(e<) (K/ e 'i) 

i=n+l 

(4.132) 



70 



9 QO qOQ 

H g,n+7 ^g,n+2 Hg,n+3 



9 QQ QOQ 

H 0,2 H 0,3 H 0,4 



-#■ + # # + ... 

Figure 16: The vertices weights "H gri are obtained by gluing C in all possible ways, 
and C must be chosen such that "H ,i = C. The weight for the propagator is T — 
J~ + J'T-Lq^J' + J'^Ho, 2^^0,2^ + • • • — J~ + J'Hq^J' 



and for n) = (0, 1) 

oo 1 

c ff (*/f e ) = wo,i^(*/f e ) + E E E 

n=l e' v i=l,...,n d' v i=l,...,n 
n 

Ho,n+lA k / € ' fclAl, • • • , fcnAn) II^M.** ^(O^iAi) 

(4.133) 

and we have 

Fe,k;e',k' = Fe,k;e',k' + E ^e,k;e" ,k"Tio,2,a(e") Wife" , k"'/f e >») F e »',k"';e',k' (4.134) 
e",e"',k",k"' 

and 

dJ £ ,k(x) = dJ £:k (x) + E ^e,k-,e,k'T-(-o,2,a(e')(k'/f e/ ,k / '/f e// )dJ e n kll (x) (4.135) 

e',e",fc',fc" 

All this is sufficient to prove that: 
Theorem 4.7 For e N 2 \{(0, 0), (1, 0)}, we have: 

W fl>n (5;a;i, . . . ,x n ) 
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~~ 5^ n \,,f(r<\ XT 7~Lgv,n v ,<j v {{dh/Uh}h£E v ) 

G£Q g ,n «=vertices 

n 

\\ J r eh+ ,d h+) t h _,d h _ J^J dJe hj ,d hj {Xj, 

e=(h+,h-)=closed edges J=lj /ij=open half— edges 

(4.136) 

where now the sum is over all graphs (not only stable ones). Moreover we have: 

2^3g—3+n , 

Hg,n,a{kl, • • • , k n ) = ( A Ho dge(fa,o-) Ajiodge (ffc.cr) AHodge( — fa.tr ~ fb,cr) 



4" 1 - Ki iPi I 9,n 



, . . I - kilpi ' g,n 

where for (g, n) = (0, 2) and (0, 1) we /wwe defined 

■1p I 0,1 rC 2 



AHodgc(fa.cr) AHodge(fo,cr) AHodge( — fa.cr — ffe.cr)^ j^T ) Q 1 _ (4.138) 



1 1 \ 2 

A H od ge (f tt , CT ) A H od ge (f6, CT ) A Hodge (-f a>ff - ffc,,) : _ ^ x _ kl ^ 2 ± — (4.139) 



and 



d 



d 



, o o 



•F^,* = ^ V £ e~r. ^'"^ (4.140) 
dJ e k (x) = e" ^ £ dx (4.141) 

fe 

proof: 

The proof is best represented graphically, this is fig. 16 □ 

One can check that this expression coincides with the localization formula for 
Gromov-Witten invariants. This concludes the proof of the BKMP conjecture: 

Theorem 4.8 The BKMP conjecture holds true. In other words, the invariants W 9jn 
of the mirror curve S do coincide with the Gromov-Witten invariants: 

V{g,n) e N 2 \{(0, 0), (1, 0)} , W g , n (S; x 1} . . . , x n ) = W g , n (X, x x , . . . , x n ) dxx®---®dx n . 

(4.142) 

5 Conclusion 



We have obtained theorem 4.7 using only properties of the topological recursion (mostly 
combinatorics of graphs and complex analysis on the spectral curve), and it is re- 
markable that what we obtain is exactly the localization formula of Gromov-Witten 
invariants. 
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Our proof is thus a proof which works mostly on the B-model side. The main 
ingredients are localization, tropical limit, special geometry, graph combinatorics and 
complex analysis on C. 

En route we have seen that the B-model formula continues to make sense when the 
boundaries are not all on the same brane, each boundary can be chosen on a different 
brane, and also the brane needs not be on a non-compact edge of the toric graph, it 
can be on any half-edge. 

We hope that the present proof may shed some new light on the A-model side 
geometry. 
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Appendix A 

A Invariants of spectral curves and topological re- 
cursion 

A.l Spectral curves 

A spectral curve is in fact the data of a plane curve with some additional structure. 
We set: 

Definition A.l (Spectral curve) a spectral curve S = (C,x,y, B), is the data of: 

• a Riemann surface C, not necessarily compact, 

• two analytical functions x : C — > C, y : C — > C, 

• a Bergman kernel B, i.e. a symmetric 2nd kind bilinear meromorphic differential, 
having a double pole on the diagonal and no other pole, and normalized (in any local 
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coordinate z ) as: 

„ dz\ ® dz2 

B\z\,z 2 ) ~ 7 — + analytical. (A.l) 

Z2->zi (Z\ — Z 2 ) 

Moreover, the spectral curve S is called regular if the 1-form dx has a finite number 
of zeroes on C, denoted {ofj, . . . , and they are simple zeroes, and dy doesn't vanish 
at the zeroes of dx. In other words, locally near a branchpoint a, y behaves like a square 
root of x: 

y{z) ~ y(a) + y'(a) y/x(z) - a + 0(x(z) - a) , y'(a)^0 (A.2) 

2— ¥Oi 

and where a = x(a) is the x-projection of the branchpoint a: 

x(a) = a. (A. 3) 

A.2 Invariants 

In [TjJ], it was denned how to associate to a regular spectral curve S, an infinite sequence 
of symmetric multilinear meromorphic forms Un^ G T*(C)(z$>- ■ -£g>T*(C), and a sequence 
of complex numbers F g (S) G C. The definition is given by a recursion, often called 
"topological recursion", which we recall: 

Definition A.2 (Invariants u g ^ n (S)) Let S = (C,x,y,B) be a regular spectral curve. 
Let ai, . . . , at be its branchpoints (zeroes of dx in C), and a, = x(cti). We define 

u ,i(S] z) = y(z) dx(z), (A.4) 

u 0t2 (S; z x , z 2 ) = B(z u z 2 ), (A.5) 

and for 2g - 2 + (n + 1) > 0: 

fa 

\ Res K(z n+ i , Z) \u)g-i t n+ 2 (z, Z, Zi, . . . , Z n ) 

* — ' z^di L 

1=1 

9 I 

+Y1 Yl uj h,i+#i(z,i)u g ^ 1+#J ( y z,j) 

h=0 Iti)J={zi,...,z„} 

(A.6) 

where the prime in Yl'n+u m ^ns that we exclude from the sum the terms (h = 
0,7 = 0) and (h — g, J — 0), and where z means the other branch of the square-root in 



(4.71) near a branchpoint on, i.e. if z is in the vicinity of cti, z ^ z is the other point in 



the vicinity of cti such that 

(A.7) 
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and thus y(z) ~ y(a) — y' (a) a/ 'x(z) — a. The recursion kernel K(z n+ x, z) is defined 



as 



K is a 1-form in z n+ \ defined on C with a simple pole at z n+ \ = z and at z n+ \ = z, 
and in z it is the inverse of a 1-form, defined only locally near branchpoints, and it has 
a simple pole at z — Q!j. 

Using the x(z) coordinate instead of z, we define 

Wg >n {S- 1 X{Z 1 ), . . .,X(Z n )) = UJg^Z!, . . .,z n ). (A.9) 

We also define for g > 2: 

F g (S) = u gfl (S) = — !— J2 Res u g>1 (S; z) ( f y(z')dx(z')) . (A.IO) 

With this definition, F g (S) G C is a complex number associated to S, sometimes 
called the g th symplectic invariant of S, and u g ^ n (S; z\, . . . , z n ) is a symmetric multi- 
linear differential £ T*(C) (8) • • • <g) T*(C), sometimes called the n th descendant of F g . 
Very often we denote F g = Ug^. If 2 — 2g — n < 0, u gtTl is called stable, and otherwise 
unstable, the only unstable cases are F , F 1; co>o,i, ^0,2- F° r 2 — 2g — n < 0, u gtTl has poles 
only at branchpoints (when some Zk tends to a branchpoint a^), without residues, and 
the degrees of the poles are < 6g + 2n — 4. In the x variables, W gtn are multivalued 
functions of the x^'s and their singular behavior near — > aj are half integer power 
singularities: 

Wg, n (S;x 1 ,...,x n ) ~ O ((xi - aj)-^-^ dxi (A.ll) 

where 

d id <3g-3 + n (A. 12) 



We shall not write here the definition of F and Fx, see [IS], since we shall not use 
them here. 

Those invariants F g and Co> 9)n 's have many fascinating properties, in particular re- 
lated to integrability, to modular forms, and to special geometry, and we refer the 
reader to [T91I2T]. 

B Intersection numbers 

Since many of our formula involve intersection numbers in moduli spaces of curves, let 
us introduce basic concepts. We refer the reader to [] for deeper description. 
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Figure 17: A stable curve in M. g%n can be smooth or nodal. Here we have an example in 
A^3,4 of a stable curve of genus g = 3, with n = 4 marked points pi, ■ ■ ■ ,P4, and made 
of 3 components, glued by 3 nodal points. Each nodal point is a pair of marked points 
(qi,qj). Each component is a smooth Riemann surface of some genus g^, and with n.j 
marked or nodal points. Stability means that for each component x% = ^~^9i — n i < 0. 
Here, one component has genus 2 and 1 nodal point 94 so x — ~ 3, another component 
is a sphere with 2 marked points pi,p2 and 3 nodal points 91,92,93 i-e. x = ~3, and 
the last component is a sphere with 2 marked points P3,P4 and 2 nodal points 95,96 
so x = ~ 2. The total Euler characteristics is x = ~ 3 — 3 — 2 = —8 which indeed 
corresponds to 2 — 2g — n for a Riemann surface of genus g = 3 with n = 4 marked 
points. 



B.l Definitions 

Let Ai g ,n be the moduli space of complex curves of genus g with n marked points. It 
is a complex orbifold (manifold quotiented by a group of symmetries) , of dimension 

dimA^ 9i „ = dg :n = 3g - 3 + n. (B.l) 

Each element (S,p 1; . . . ,p n ) 6 M-g,n is a smooth complex curve S of genus g with n 
smooth distinct marked points Pi, ■ ■ ■ ,p n - M.g,n is not compact because the limit of a 
family of smooth curves may be non-smooth, some cycles may shrink, or some marked 
points may collapse in the limit. The Deligne-Mumford compactification M. g , n of M. g , n 
also contains stable nodal curves of genus g with n distinct smooth marked points (a 
nodal curve is a set of smooth curves glued at nodal points, and thus nodal points 
are equivalent to pairs of marked points, and stability means that each punctured 



component curve has an Euler characteristics < 0), see fig 17 Ai g ,n is then a compact 
space. 

Let Li be the cotangent bundle at the marked point p i: i.e. the bundle over M. g , n 
whose fiber is the cotangent space T*{pj) of £ at pi. It is customary to denote its first 
Chern class: 

^ = V(K) = ci(A)- (B.2) 
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ipi is (the cohomology equivalence class modulo exact forms, of) a 2-form on M. 9yn . 
Since dim K M. g>n = 2 dime M. g , n = 6(7 — 6 + 2n, it makes sense to compute the integral 
of the exterior product of 3g — 3 + n 2- forms, i.e. to compute the "intersection number" 



Definition B.l 



J Man 



' Mg,n 

otherwise 



(B.3) 



More interesting characteristic classes and intersection numbers are defined as fol- 
lows. Let (we follow the notations of [35J, and refer the reader to it for details) 

.11 

be the forgetful morphism (which forgets the last marked point), and let ai, . . . , a n be 
the canonical sections of 7r, and D 1: . . . , D n be the corresponding divisors in M. g n+1 . 
Let u> n be the relative dualizing sheaf. We consider the following tautological classes 
on M g>n : 

• The ipi classes (which are 2-forms), already introduced above: 

ipi = cx(a*(uj w )) 
It is customary to use Witten's notation: 

^t=r di . (B.4) 

• The M umford /«& classes J52J H] : 

K k = 7r,(ci(w ff (^ Di)) k+1 ). 

i 

Kk is a 2fc-form. k,q is the Euler class, and in Ai g , n , we have 

K o = ~Xg,n = 2g - 2 + n. 

Ki is known as the Weil-Petersson form since it is given by 2tt 2 ki = ^ dU A dOi in the 
Fenchel-Nielsen coordinates (k,9i) in Teichmiiller space [5T| . 
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In some sense, k classes are the remnants of the ip classes of (clusters of) forgotten 
points. There is the formula [I]: 

ir^...iPtTpntl =^...^«* (B.5) 
vr.vr^ ...^t €+2 = 1>? ■ • • V#* («* kw + K k+ k>) (B.6) 

and so on... 

• The Hodge class A(a) = 1 + YX=i (~l) fc c fc (E) where c fc (E) is the fc th Chern 
class of the Hodge bundle E = 7T* ((<;„•). Mumford's formula [H21 121] says that 

A H od g c(a) = e-X** (^-i-Ei^+JE.E^-D' ^>—) (B . 7 ) 

where is the /c th Bernoulli number, 5 a boundary divisor (i.e. a cycle which can be 
pinched so that the pinched curve is a stable nodal curve, i.e. replacing the pinched 
cycle by a pair of marked points, all components have a strictly negative Euler char- 
acteristics), and Is* is the natural inclusion into the moduli spaces of each connected 
component. In other words ^2 s h* adds a nodal point in all possible stable ways, i.e. 
it adds two marked points, and ip and ip' are their ip classes. 

In fact, all tautological classes in M. g<n can be expressed in terms of -^-classes or 
their pull back or push forward from some M.h,m [S]. Faber's conjecture (21] (partly 
proved in [50] and [35]) proposes an efficient method to compute intersection numbers 
of if), k and Hodge classes. 

C Bergman kernel of a spectral curve 

Lemma |4.2 Let a, a' be two vertices. Let x G and x' G , then we have 



(2m) 2 In E(S; a u + x, a a , + x') — b a ^< In E(S a ; x, x') 
j> j) \nE(S (T ;x,x 1 ) B(S (7:a r,x 1 ,x 2 + a a , - a a ) \nE(S r7 ']x 2 ,x') 

+ f f hiE(S a ;x,x 1 ) B(Sa iai ;x 1 ,X2 + a ai - a a ) 



(C.l) 

where 



{\nE(S\ a ai + x 2 , a a > + x') - 6 ai>a > In E(S a r, x 2 , x'] 



_ x l _ x 2 

B(S a<a/ ; xi, x 2 ) = A a ^i — — — — - 2 dxi ® dx 2 (C.2) 

Kl<r,<r') 



Figure 18: The curve C is a union of cylinders C a<(T i corresponding to edges of the toric 
graph Tx and of pairs of pants C a corresponding to vertices of Tx- Its Bergman kernel 
can be obtained as a combination of the Bergman kernels of each pieces. Notice that 
the framing of the edge a, a' is f a y = -j a ',a = fb,a> = ~fb,a = A 2 - Ph- 



is the Bergman kernel on the cylinder C a ^i , A a ^i is the adjacency matrix of the toric 
graph, i.e. A a y = 1 if a and a' are neighbors and otherwise, and f CT)(7 / is the framing 
of the edge (a, a') as defined in def 2.5. 
proof: 

For some choice of a basepoint o, we define the Cauchy kernel 

PX 1 

dS(S;x,x') = / B(S;x,x") (C.3) 

Jx"=o 

Notice that C is not simply connected, neither is any pair of pants C a nor any cylinder 
C a y, so the integral from o to x' might depend on the integration contour. However, 
since we have normalized our Bergman kernels on A cycles (cf section 2.4), and ^4-cycles 
surround cylinders, we see that dS(S;x, x') is globally well defined on any pair of pants 
C a or on any cylinder C a y (it would be ill defined on a subdomain of C containing a 
S-cycle because the £>-cycle integral of B does'nt vanish). 
Locally near x' — x it behaves like 

dx 

dS(S;x,x') ~ h analytical. (C.4) 

x — x 

This can thus be used to write Cauchy formula, and we write: 

B(S; a a + x, <v + x') = — Res dS(S (7 ; x, Xi) B(S; a a + x%, <v + x') (C.5) 

X\— ¥X 

and by moving the integration contour (a small circle around x) to the boundaries of 
C a (we pick a pole at X\ = x' in the case x' G C a , i.e. in the case a' = a), we get: 

B(S; °a a + x, <v + x') - 5 a ^B(S a , x, x') 
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(C.6) 



- Y~] f dS(S a ; x, xi) B{S\ a a + xi, a a > + x') 



(we choose to orient the boundaries of C a such that the surface lies on the left of its 
boundaries). 

a - - - , _ a 

x 





Then since x\ G C a ^ 1 , we write Cauchy formula again with the Cauchy kernel 
dS(S ayCT1 ;x 1} x 2 ) of C CT>CT1 , i.e. 

B(S; °a a + x, °a a , + x) - 8 a ^B{S <J , x, x) 

= - o~ r dS(S a ;x, xi) B(S;a a + xi,a a i + x') 

2m Jx^d^Cv 



E- 



Res dS(S a ; x, x\) dS{S a%ai \X\,X2) B(S; a a + a; 2 , <v + x) 



(C.7) 



and again, moving the integration contour (a small circle around Xi) to a pair of circles 
around the cylinder C a;ai , we get: 

B(S;a a + x,a a > + x') - 5 aja >B(S a ,x,x') 
= (o -\">. r f dS{S a ;x,x 1 )dS(S atai ;x 1 ,x 2 ) 



, Tj (27T*) 2 Jx^Q^c Jx 2 ed ai c a 

B(S; a a + x 2 , a a > + x') 



Y — 



ai x , Jx2€d t yC r71 Jxied ai Ca 



(27Ti) 2 

B(S; °a a + x 2 , <V + x') 



dS(S a ; x, xi) dS(S^ cri ;x 1 ,x 2 ) 



(C.f 





For the first line, notice that both C a and C crj(J1 can be realized as the complex 
projective plane CP 1 , and C a-(J1 can be realized as a subset of C a (a disc around one of 
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the punctures of C a = CP 1 \ {0, 1, oo}) and we can send x% — > oo (i.e. to the punc- 
ture) without picking any singularity (because both B(S a ; x, x\) and B(S a>ai ; xi, x 2 ) 
are analytical at the punctures, they have poles only at coinciding points), i.e. 

® (p dS(S a ;x, xx) dS(S atCTl ;x 1 ,x 2 ) B(S; a a + x 2 , a a > +x') — (C.9) 



o 



Therefore, after changing the variable x 2 . 



B(S; a a + x, a a , + x) - 5 a yB(S a , x, x) 

7%w\2 f f dS(S (T ;x,x 1 ) dS(S a ^ 1 ;x 1 ,x 2 + a CTl - a CT ) 

B(S;a ai +x 2 ,a a , + x') (CIO) 



(2m) 

CTl ' 



O, 



(o,a) 



a 



we may rewrite it as: 



5(5; a CT + x, <v + - 8 a>a >B(S a , x, x') 

~ (2^)2 £ 2 69 CT c CT / £iea CT ,c CT dS , (5 <T ;a;,a;i)tZS , (5 ffi<T /;a; 1 ,a;2 + a (T / - o ff ) 5(5^; x 2 , a/) 
(-B(<S; a CTl + x 2 , <V + x') - <5 CTl>(J / B(S a r,x 2 , x')) 

(C.11) 
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and integrating: 

(2?7r) 2 In E(S; °a a + x, a a > + x') — 5 atCT / lnE(S a , x, x') 
= $x 2 edaC a , §x^d„,c a ^E(S a ;x,x 1 ) B(S a , a r, Xl ,x 2 + a c , - a a ) \nE(S a >;x 2 ,x') 
+ E CT1 £ 2e a CT c CT1 £ lG 9 CT1 c CT ^E(S (7 ;x,x 1 )B(S <T , ai ;x 1 ,x 2 + a <Tl -a <T ) 
(^\nE(S;a ai + x 2 ,a a , + x') - 5 aua > \nE(S a /\x 2 ,x') s j 

(C.12) 

which proves the lemma. □ 

D Local description of the spectral curve near 
branchpoints 

Let S = (C,x,y,B) be a regular spectral curve, let {ai,a 2 , . . . ,«{,} be the set of its 
branchpoints, i.e. the zeores of dx, and = x(ai). We first need to set up notations. 

For each branchpoint a a we define the steepest descent path r y a , as a connected arc 
on C passing through a a such that 

x( la ) - a CT = R + , (D.l) 

i.e. the vertical trajectory of x going through a a . In a vicinity of a a the following 
quantity is a good local coordinate 



>Jx{z) - a a . (D.2) 



D.l Coefficients B a ,k;a',i 



We expand the Bergman kernel in the vicinity of branchpoints in powers of the local 
coordinates yjx(z) — a as follows: 



B(z,z') 



5<T,cr> 



(y/xjz) - a a - y/x(z') - cv) 2 

d,d'>0 

dx(z) <g> dx(z') ^ 



4 y/x(z) - a a y/x(z') - a a > 
and then we define 

Baw,* = (2k - 1)!! (21 - 1)!! 2~ k - l ~ l B c ^, a ,^,. (D.4) 
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It is useful to notice that the generating function of these last quantities can also be 
defined through Laplace transform, we define: 

B a , a '{u,v)= B^^u^v' 1 , (D.5) 

k,k'>0 

which is given by the Laplace transform of the Bergman kernel 

&Aw) = S^^ + ^T eVa * I I B (v')e^e- raM (D.6) 

where the double integral is conveniently regularized when o = a', so that B a y(u,v) 
is a power series of u and v. 

D.2 Basis of differential forms d^ a ^{z) 
We define the set of functions £a,d(z) as follows: 

d£ a4 (z) = -{2d- l)\\2- d Res B(z, z') (x(z') - a^- 1 ^ (D.7) 

z'— >a a 

It is a meromorphic 1-form defined on C, with a pole only at z = a a , of degree 2d + 2. 
Namely, near z — > ov it behaves like 



+ , s r (2d-l)!! (2d-l)!! 1 „ , . , 



fe+i 

2 d (x(z) -a a ,y/ 2 + d 2 d + 

k 

(D.8) 

These differential forms will play an important role because they give the behavior 
of the Bergman kernel B near a branchpoint: 



2 

J¥d 

d>0 

where ( a<r (z) = y/x{ 



B(z,z')-B(z,z') zZa -2 {2d 2 _ m Ca.(^) 2d dCaM ® d^ >d (z') (D.9) 



[Z - GU. 



D.3 f a ,a'(u) 

Knowing ^ a ',o(z), it is useful to define its Laplace transform along 7 CT as 

2 V7T J 7ct 



2\/¥u 



la 



A:>0 



In [16], it was proved that 
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Lemma D.l If C is a compact Riemann surface and dx is a meromorphic form on C 
and B is the fundamental form of the second kind normalized on A-cycles, we have 

uv ( b A 

U + V \ a"=l J 

so that all we need to compute is in fact f a>a i(u). 



D.4 The times i a . 



k 



Finally we define the times t a ^ at branchpoint a a in terms of the local behavior of y(z) 
by the Laplace transform of ydx along 7 CT 



f nM 2u 3 / 2 e ua ° f ...^ 2jue ua ° 

q~ 1 <t,0 Q — 9rr\ u ) — 



: p«a„ r 9/7/ p ua <y f 

71 Jza-io V 71 " Jze-ya 

(D.12) 

The times t a ^ are the coefficients of the expansion of g{u) at large u: 

g ir (u) = Y, i °> kU ~ k - ( D - 13 ) 



fc>i 

Notice that the time t CTj o is given by 

e-<-=lim ''''-^Sife). (D.14) 
y/x(z) - a a 

Here we add another lemma: 

Lemma D.2 If C is a compact Riemann algebraic surface of equation 

H(e- x ,e- y ) = (D.15) 

where H is a polynomial, and we assume that all poles of dy are also poles of dx, and 
the Bergman kernel B is the fundamental 2-form of the second kind normalized on 
A-cycles (i.e. § A B(.,z) = 0), then we have 



e ~9a(u) 



Xy^-W/^u). (D.16) 



proof: 

Since e~ x and e~ y are meromorphic functions, their logarithmic derivatives are 
meromorphic forms, i.e. dx and dy are meromorphic forms, and thus 

dy 
dx 
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is a meromorphic function. 

It has poles at all the zeroes of dx, namely 

dy{z) y'(a a ) y'M 



dx(z) z-*xa 2 s/xjz) - x(a a ) z ^ a ° 



^ (z). (D.17) 



Since dx and dy are logarithmic derivatives of meromorphic functions, they can only 
have simple poles, and we assumed that all poles of dy must also be poles of dx, 
therefore dy/dx has no pole at the poles of dy. The only poles of dy/dx are thus the 
a a , and therefore dy/dx — XL ^'(^oO^o/ 2 has no pole pole. Taking the differential 
once again says that 

d^-\Y,v'M d U (D.18) 

cr 

is a holomorphic differential without poles, therefore it can be written 

dy 1 9 
d dx = 2 ^ 3/( a<J ) d ^ a '° + Ci dUi (D.19) 

cr 1 = 1 

where q are some coefficients determined by 



^^>'K) I d^ = (D.20) 



Ci = — 

2 

(they vanish because d£ CT) o is normalized on Ai like -B). This implies that 

a 

where C is some integration constant. 
The Laplace transforms are: 



e -*a,o e -^w = _ i — _ — / e - u:c — (D.22) 
'tv L dx 



and 

/ a ^[u) = ^=- I e- ux t„>, Q dx (D.23) 

We thus obtain (notice that the constant term does'nt contribute because it is the 
integral of a total derivative): 

e -*„o e -*,(«) = 2 ^ y '(a a ,) f a , a ,(u) (D.24) 

cr' 

Notice that at large u we have e~ 9a ^ — >■ 1 and f a ,a'{u) — > 5 a>a ', therefore we recover 
the relatonship eq. (D.14) 

e-^° = 2y\a a ) (D.25) 
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and finally as announced 



(D.26) 



□ 



D.5 More Lemmas 

All the following formulae are easy to prove and we write them for bookkeeping purpose: 

d£ a ,d( z ) 



dx(z) 



dia,d{z) 



dQ 



x(z) 



dx(a) 
~dQ~ 



t \ d dx(a') , 



i.e. 



dQ 



+ 



dx(a) d£ a ,d(z) 



x(z) 



dQ dx(z) 



B a ,d;a' 



dQ 

dx(a') dx(a) 
~d~Q W 



(D.27) 
(D.28) 



(D.29) 



dfa",a( U ) 

dQ 



= u 



~dQ W) fe*W + l^ B *Mfi [~dQ W ) fa " A) 

(D.30) 



dB afi . a n :k f dx(a") dx(a) 



dQ 



dQ dQ 



dx(a') dx(a) 



dQ dQ 



B a ',0;a",k 



(D.31) 



E Invariants of the topological vertex 

Theorem E.l [" Marino-Vafa formula"] For (g,n) E N 2 \{(0,0), (1,0)}, we have: 

O 

2 3g-3+n , ^ ^ n . n ~ 

\A Ho dgc(fa) A Ho dgc(ff>) A Hodge 



3 t fi0 (2-2 S -n) 



(E.l) 



9,n , 
i=l i=l 



where, if x lies near the puncture ofP 1 \ {0, l,oo} (i.e. z = 0, 1 or oo) corresponding 
to the half-edge e, (whose framing is f e = fb, f a or —f a — f& respectively): 

«f» = (^J W*) = E^2 7f(*/fe) e-K'dx. (E.2) 
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Thus, if Xi lies near the puncture corresponding to the half-edge (whose framing 
is f e ): 

o 

W g:n (Sf,xi, ...,x n ) 

= e t f , (2-2g-n) Yl (^Hodgc(fa) A H odgc(fb) A Ho dgc(-fa ~ f&) JJ 



«=1 fe 



■0j / 9." 



i=l ' e » 



(E.3) 



where the sum carries over positive integers (k%, . . . , k n ) G . 
proof: 

This is a mere application of theorem 4.1 , and is fully proved in |15j, or alternatively, 
it can be seen as a conse quen ce of the proof of BKMP for the framed vertex (T2J |58] . 

o 

According to theorem 4.1 the invariants of Sf are 

o3g-3+n / 71 



^"(SjJZl,...,*, 



(E.4) 



e -t f ,o(2 S -2+n) \" 5(f) 

di,...,d„ \ i=l / M g ,n i=1 



H d kd 



where the classes Ao an d ^Cf are computed from the recipe given in theorem 4.1 

O - ■ 

• the times tfy. their generating function 9f(u) = ^2 k if,k u ~ * s obtained by com- 
puting the Laplace transform of ydx: 

2u^ 2 



e T > u e 



"K 

2u 1 ' 2 



71 



° o o 

e~ ux ydx 



e~ u ° x dy 



2u 1 ' 2 {U + U) iU+h)u f 1 



A fa U f b bU 

2u 1/2 {U + U+h)u (. T(f b u + l)T(f a u) T(f b u)V(f a u + l) 

fa u fr V r((f« + h)u + 1) u r((f a + + 1) 
fcf6 - Wa 2^ (f a + f 6 )tf-+w« r(f a u) r(f 6 u) 



z f6M (i - z 



fa" 



fc f 6 



1 — z z 



f/2 



fa + fft 



K?a U f b bU 

2V2 f(f a u) f(f 6 u) 



r((f. + W«) 



V%Mfa + W r((f G + W«) 
2^ 1 

\/fafb(fa + f 6 ) V^7fM 



(E.5) 



where 7f(w) was introduced in eq. (3.21) for the localization formula in theorem 3.7 

1 f(u(f a + f b )) 



7f(«) 



'™ r(«f a ) T(uf b ) 
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(E.6) 



That gives 



2^2 



VfMa + fb) 

and, using the Stirling expansion of the Log of the Gamma-function: 

B 2k 



2 k 



2k(2k - i; 



((fa + fl 



,l-2fc el-2k el-2k 



cl — ZK rl 

Ja )b 



(E.7) 



(E.8) 



fc>l k>l 

where is the k th Bernoulli number. 

o 

• the functions ^ d are found from eq. (|4.25|). For d — 0, eq. (|4.25|) implies that 



^j (x) is a meromorphic function on C a , i.e. a rational function of the variable z G P 1 , 
and with a simple pole at the branchpoint, and which behaves like: 

1 

£f,o(z) 



~ —= + analytical. 

Jx 



(E.9) 



We thus easily find the unique rational fraction of z having that property: 

2fqft, 1 



Its Laplace transform is 



fa + fb (fa + fb)z~fb 



where x = Xf(z). 



(E.10) 



f(u) 



2A 



z=0 



^ (x(z)) d°x(z) 



2f ah (fa + ft 



\(fa+h)u rl 



f a + f b 2^ ff-«ffc« 



dz 



2=0 



z(l-z) 



fafb 



fa + fb ?a U f[ bU 
-9 f (u) 



(fa + fb) ifa+Mu T(f a u)T(f b u) 

r((f. + W«) 



(E.11) 



(we could also have obtained this result directly from lemma D.2 in the appendix D). 

Lemma E.l In general, if e is one of the punctures 0, 1, oo ; we write f e = f a , fb, — fa~ fb 

respectively, and we have when x approaches the puncture e: 



o J 



e u 



(E.12) 



proof: 

Let us prove it near the puncture z = in P 1 \ {0,1, oo} (the other cases are 

o O 

obtained in the same way), we have z ~ Q~ x ( z )/h^ an d thus the Taylor expansion of £f 
into powers of z near z — > gives a Fourrier expansion in powers of e~ kx ^^ b : 



fc=0 



(E.13) 



where the coefficients Ck can be computed by a residue formula: 



k Z dx 
- Res e ft £ f0 (x) — 

k — 



? a ^ % Res z- k (l-zY k t 

f _i_f. , , /: fa+fa ir|o 1 ; 

ta + ' 6 (fa + ft)* f > 



fa+fft 
fb 

1 , f» 1 



(fa + f&)-Z ~fb\Z f b Z - 1 

/c — 

Tt 



2f a f 6 



ft \/fa + f 6 (f a + f 6 ) fcJ V 



'Vrr Res z- k - x 

fa±ft 2 ^ Q 



-(fa + ft) 2f.fr f ft *f 



fa 

fb ffc 



U la i 

(1-2) fe ft cfe 

r(fc £s±fe) 



fa ft V k + k (f a + f 6 )* ft fc! ^ 



(E.14) 



In other words we have 



£f,oO) 



'2(fa + ft) 



£ fb 

Ta Tt 



r(jfefe±k; 



^ S(fa + ft) fc ^ Wr ^fe) 



e ft ' 



f 



(E.15) 



This could also have been deduced by doing the inverse Laplace transform of 

2^ 



eq. (E.ll) and see that 



fob) = - 



l 

2tH 



du 



u 



f(u) e ux 



(E.16) 



where the integration contour surrounds in the trigonometric direction all the points 
—k/fb, k G N (i.e. the poles of r(f 6 w)), but not the points —k/f a (poles of T(f a u)). 
Writing that this integral is the sum of residues at all poles of T(fbu) i.e. at u — —k/fb 



gives the expansion eq. (E.15). 
□ 

o 

• The coefficients B^j. Their generating function B{u,v) = ^2 k t B^i u~ k v~ l is 

1 _ e -9f(«) g-Sf(«) 



obtained from lemma D.l in the appendix, i.e 



o 1 - f(u) f(v) 

Bf(u,v) = uv = uv 

U + V U + V 

Then, using Mumford formula [52] for the Hodge class: 



A 



Hodge {OC ) — e 



fc=l 2fc(2fc-l) ( K 2fc-1-E» = l^ +2 T,5edM g ,„ E;=o h*nT2k-2-l) 



(E.17) 



(E.18) 



one can show (done in [15]) that the class Ao defined in eq. (4.26), is a product of 3 

•Sf 

Hodge classes: 
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Theorem E.2 (proved in Tffl$ ) 



5(f) 11 



AHodge(fa) AHodge(fo) ^Hodgel - fa _ fb) 



(E.19) 



i=l 



• The forms d£f d (x). 

o 

In order to absorb the term e~ 9 f\ l /^i) in theorem 
such that: 



E.2 



above, we shall define d^ d (x 



,x 



E^ d *i 



x). 



For that purpose, let us start from eq. (|D.9l), and Laplace transform: 



X 



u 



7T 



°'B{x',x) 



(E.20) 



(E.21) 



d v - ^7 

Doing another Laplace transform in x implies 



f,d 



x 



uv 
u+v 



B(u,v) 

o 

— 9c(u) —Bf(v) 

uv e i e i ' ' 
u+v 

- J2d u ~ d (- v ) d+le ~° gf{u) e ~° 9,{v) 

-e-**0 E d u- d (-v) d+1 ^ ^ (x)e-^dx 

-e-hM E d ^ d ^ $^ (x)(d/dx) d +ie-™dx 

_e-»K«) f 7 e— (-d/^) d +^ f)0 (x)dx 

(E.22) 



In other words 



We are thus led to define: 



Using lemma 



and thus 



E.l 



£ f >) = (-l) d (d/dx)%, (x). 

o 

we can expand as: 

k=0 ' e 



(E.23) 



(E.24) 



(E.25) 



E^ 



> x) = e -9 f M) 



Te fc=0 1 



E (E.26) 



□ 



90 



E.l Summary of some formulae for the topological vertex 



ff-V2^ r((/ + i)«) 

X _ e -fl(«) e -fl(«) 



u — V 



Notice that g(u) = —g(—u) and we can write in the large u expansion: 

„-,(-«) _ (/ + i) (/+1)M v^ r((/ + i> 



r(«)r(/«) 



(E.27) 
(E.28) 

(E.29) 



We also have: 



e%(x) 



,c k=0 

-1 e"*f-° 



fe=0 



fe + f e 



u u 



F Proof of Lemma 4.1 



Lemma 4.1 If 2 — 2g — n < 



) Xi , . . . , x n ) 

n3g-3+n 00 -1 fc 



e tf CT ,o(2-2 S -n) fcj 

fc=0 di,...,d n +fc i=l 



n+k 



(E.30) 

(E.31) 
(E.32) 



AHodgc(fa,cr) AHodgo(ffe,o-) AHodge( — fa.tr — fb,a) J^J r dj ) J"J ^ 



di,...,d n j=l 



A H odge(fa l( x)AHodge(f6, CT ) AHodge(-fa, ff -fb,<x) e h * Ed R °> dTd JJ T dj 

3=1 



(F.l) 



where 



R<TA 



2 e*f-° 
2tt« 



i^A x ) (v( x + a °) - he- VfA x )) dx, 



(F.2) 
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where dC a is the boundary of C a , i.e. the union of three circles, oriented so that C a 
lies on the left of dC a . In the second equality, l lit denotes the natural inclusion of 
M. g ,n C M.g^ l+ i ,so that Q ll *^d c °,dip d i s j us i a s fi 0r t hand notation for the formula 
above. 

And similarly for (g, n) = (0, 2): 

° o o 

W 0t2 (S (7 ;x 1 ,X2) = B a (xi,x 2 ) = B^{x± - a a + a a ,x 2 - a a + a CT ) 

oo ~ ~ k+2 

° 1 V 1 x ^ O O -p-p 

= BfAx 1 ,x 2 ) + -2^— ^u^M^UAtMll^A 

k=l di ,...,<ife_)_2 * = 3 

k+2 

AHodge(fa,cr) AHodge(f&,o-) AHodge( — fa,a ~ fb,a) Y\_ Td 

3 =1 I 0,fc+2 

(F.3) 

and for (g, n) = (0, 1) : 

o 

W Qt i(S a ;xi) = (y(x! + a a ) - b a ) dx! 

o 1 f o 

= y fa {xi)dx 1 + — & Buix^x')®^') 

2 ™ JdC a 



4 ^— ' k\ 

k=2 i=2 



k+1 



AHodge(fa,cr) Aiiodgc (fb,v) AHodge( — fa,a ~ fb,a) Tfa ^\ T dj ) (F-4) 

i= 2 I 0,fc+l 

proof: 

The proof is based on the fact that almost by definition this lemma holds at the 
tropicla limit tj = +00, and then, in order to show that it holds for all t/s (in an open 
vicinity of tj = +00), we prove using special geometry, that both sides obey the same 
differential equation. 

o 

First, notice that W g:n (S(fa) meromorphic form on C a = C \ 

{0, 1, 00}, i.e. on CP 1 , which has poles only at the branchpoint X{ = without residue 
(when 2g — 2 + n > 0), and thus its primitive is a meromorphic function. In other 
words 

o 00 

) = dx <g) • • • ® d n $g tn (S(fa) 

, X\ , . . . , x n 

) (F.5) 

o 

and $ ffn is an algebraic function of each X{ = e~ Xi for all % = 1, ...,n, having a 
square-root branchcut [0, oof. In particular, it is analytical in a vicinity of dC a (see 
figure [6]) . 

O o o 

Notice that, by definition of Uf, y{x + a a ) — ba — £/f CT (x) vanishes in the tropical limit 
ti — > +00, i.e. at Qi = e~ u = 0, and can be Taylor expanded in powers of Q = {Qi} 
near Q = 0. 
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Indeed, first observe that the coefficients H^j of the algebraic equation Hf(X,Y) = 

o o 

0, have a Laurent expansion in powers of Q. Since a a and ba are linear combinations of 

o ° o ° 

the ti% i.e. e~ a " and e~ h<T are product or ratios of the Q^s, we see that Y(x + a a .)e brT is 
an algebraic function of e~ x , which has a Laurent expansion into powers of Q^s. This 
implies that 

d o o o 1 (dY(x + a a ) da a dY(x + a a )\ db c 
(y(x + a a )-ba-yf a (x)) = 5— ^ + 



<9Q; "' — Y (x + a a )\ d Qi d Qi dx J d Qi 

(F.6) 

has a Laurent expansion in powers of Qi's, whose coefficients are algebraic functions of 

o o o 

e~ x . And since we know that (y(x + a a ) — ba — Uf a (x)) vanishes at Q = 0, we see that 
the Laurent expansion is in fact a Taylor expansion. This implies that: 

y(x + a a ) -la- k (^) = E Fk ( e ") ( F - 7 ) 

k 

where each ik(-X') is an algebraic function of X on C a . Y^ maybe singular at x = 

o 

(where V has a squareroot branchcut), or also at the punctures 0, 1, oo in the pair of 
pants Ca- 

Notice that due to the log, y — — In Y was well defined only on C cut along a tree, 

o 

and similarly Vf a is also well defined only on C a with some cuts, but the difference 

o o 

y(x + a a ) — Vf a {x) has, order by order in Q, no logarithmic cut. 

o o o 

In particular, order by order in powers of Q, (y(x + a a ) be y^{x)) is analytical 
in a vicinity of dC a . Therefore, the following integral makes sense (as a formal power 
series in Q): 

f o o o o o 

f ^g,n(S{fa);X 1 ,...,X n )(y(x n + a a )-ba-yf a ( X n))dx n (F.8) 

JdCa 

and it depends only on the homotopy class of the integration contour, i.e. it is invariant 
under small continuous deformations of the integration contour. We can also integrate 
by parts and write it as: 

/ W g , n (S(U);x 1 ,...,x n )$(x n ) (F.9) 

where 

d$(x) o , o o 

= y(x + a a ) -ba~ V^{x). (F.10) 

Notice that a priori, seems to be defined only on a universal covering of C a , i.e. 
it is not necessarily an algebraic function of e~~ x . However, the monodromies of $ are 
the integrals 

(y(x + a a )-b*-y fv (x))dx (F.ll) 
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which are linear combinations of the tj's (due to the mirror map eq. (??)). This shows 
that 

— j (y(x + a a ) -la- VM) dx ^^ ( F - 12 ) 

o o o 

and since y(x + a a ) —b a — D^{x) is a power series of Q with only positive powers of the 
Qi's, this shows that in fact the monodromies of $ must be independent of Q, and since 
they vanish at Q = 0, they must vanish identically (the fact that the monodromies of 
$ vanish could also have been deduced directly from the tropical limit of the mirror 
map relationship). This proves that <3>(x) is in fact, to each order in powers of Q, an 
algebraic function of e~ x . 

Therefore, we may define define the following as a formal power series in Q: 

Ug tn (x u ...,x n ) = W g , n (S(U); x x , . . . , x n ) + jr 1 * ... f 

til y Zm ) K - JdC a JdCv 

k 

^g,n+k{S(fa)] x \i ■ ■ ■ i x ni %n+l, ■ ■ ■ , %n+k) &( x n+i)- 

(F.13) 

Taking a derivative with respect to any Qi, we have 

d 



k-l 

a 



i=l OLii 

£(27rO fc+1 fc! £/"£ 



<dC a 

k 



u TT 9 

W gjn+k+1 (S(fa);X 1 ,...,X n+k ,x') [[$(x n+i ) qq-®( X ') 



(F.14) 



1=1 

If d 

^— f Ug tn+ i(xi, ...,X n , X) — — 

Mi J dCa dQi 



i.e. 

d If d 

— U gin (x 1 ,...,x n ) = — <j>^ U g , n+1 (x 1 ,...,x n ,x') —<$>{x'). (F.15) 



Then, notice that we have 



— — + a CT ) - cfo = Res B a [x, x ) 
dQi x'^x OQi 



= 7^<f B a {x,x') d -^1 (F.16) 
2m J dCa dQi 
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indeed, the first equality comes from the fact that B a has a double pole on the diagonal, 
and the second equality, holds order by order in powers of Q, because to each order 
dQ/dQi is an analytical function on C a and thus one can move the integration contour. 

From this, the "special geometry" property of spectral invariants (see [19] or ap- 
pendix lA} implies that 



d 1 
W g<n (S a ] xi, . . . , x n ) 



dQ 



d$(x') 



2m Jgn dQi 



(F.17) 



We can now prove by recursion on the power of Q, that: 

Ug t n(Xl) . . . , X n ) ^Vg n (^S,j , X\, • • • , X n ) 

o ° 

Uo,i(x) = (y(x + a a ) - b a ) dx 
k U 02 (x,x') = B a (x,x r ) 



(F.18) 



This is clearly true when Q = 0, and if it is true to order Q fc , then the right hand side 



of eq. (F.15) and eq. (F.17) coincide to order k, and thus dW g ^ n /dQi and dU g ^ n /dQi 
coincide to order k, which implies that W g>n and C/ S>n coincide to order k + 1. We have 
thus proved the recursion hypothesis to order k + 1, and thus it holds to all orders. 



Then, when 2g — 2 + n + k > 0, use theorem 4.3 



i %1 j • • • j *£n / 

di,...,d n k 

2^9— 3+n+k , 

t f o(2 -2 s -n-fc) \^Hodge(fa, CT ) A Ho dge(jv) A Ho dgc(-fa,<7 ~ fb,a) T di 



n+k 



i=l 



g,n+k 



n 



o o 

<£>(x n+i ) d£ a)dn+ .(x n+i ) [[ d£ a4 .{xi) 



• =1 27U Jx»..i 
23g— 3+n 

e t fCT ,o(2-2 S -n) ^ ft 

di,...,d n k d n +i,...,(i n+ j. 



i=l 



jU 



n+k 



AHodge(fa,cr) A-Hodgo (ffe,cr) A-Hodgc( — fa,cr — fb,a) 



8=1 



g,n+k 



(F.19) 



where 



i=l 



Rcr,, 



1=1 



2e*f- 
2m' 



edCa 



$(x) d£„ d (x) 
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-2e*fe.° 
2m 



i a4 {x) (y(x + a a )-b„-y u (x))dx (F.20) 



The cases (g,n) = (0, 1) and (0,2) are obtained in the same way, except that we 
can't use theorem 14.31 for the first few values of k. 
This proves the lemma. □ 
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